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HYPERBOLIC SYSTEMS OF MOMENT EQUATIONS DESCRIBING
SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES∗
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Abstract. We study mathematical models and approximations for the sedimentation in sus-
pensions of rod-like particles. The starting point of our considerations is a coupled system of partial
differential equations, previously derived by Helzel and Tzavaras [Multiscale Model. Simul., 15 (2017),
pp. 500–536], consisting of a kinetic equation for the rod orientation that is coupled to a macroscopic
flow equation. It describes the motion of a suspension of rigid rod-like particles under the influence
of gravity. Since the coupled system is high dimensional (five dimensions plus time) we are interested
in the derivation of models which can adaptively adjust the level of detail. Here we restrict ourselves
to simplified lower dimensional flow situations and derive hierarchies of moment equations which can
be interpreted as approximations of the coupled kinetic model. We show that the resulting systems
of moment equations are hyperbolic.
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hyperbolic partial differential equations
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1. Introduction. We consider mathematical models for the sedimentation
process in suspensions of rod-like particles. Experimental work of Guazzelli and
coauthors [2, 3, 12, 14] shows that the interaction between particles and fluid leads
to complex flow structures, for example, the clustering of sedimenting particles of an
initially well-stirred suspension. The particles are observed to orient strongly in the
direction of gravity and form packets of particles which lead to downward stream-
ers that are balanced by upward streamers. Another interesting pattern is observed
when clouds of particles sediment in a viscous fluid. Clouds of rod-like particles are
observed to evolve into a torus that subsequently becomes unstable and breaks into
secondary droplets which again deform into tori and break; see [14].

Numerical simulations have been performed on different levels of sophistication;
most detailed simulations use a slender body representation for each single rod [15]
and try to mimic the experiments as close as possible. Such detailed simulations put
a limit on the number of particles. Alternatively, a stochastic approach that models
the suspended microstructure with a kinetic equation can be used. For suspensions of
rigid anisotropic particles, e.g., ellipsoids or rods, kinetic models were first introduced
in the physics literature by Doi and Edwards [1].

The starting point for our considerations is a coupled system of partial differential
equations, consisting of a kinetic equation for the distribution of the rod-like particles
that is coupled to a macroscopic Navier–Stokes equation. This model was derived in
Helzel and Tzavaras [6] and is based on the work of Doi and Edwards [1] and earlier
work on suspensions of rod-like particles [4, 13].

A direct numerical simulation of the coupled model is cumbersome due to the high
dimensionality of the problem. In [5, 6] we derived two different lower dimensional
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1003

models. One was obtained by taking the diffusive limit of the full model and the
other was obtained by considering a quasi-dynamic approximation based on the first
three moment equations. Numerical simulations with those lower dimensional models
reproduced the cluster formations that were observed in experiments. In some situ-
ations, simple models which only use very few moments, may produce inaccurate or
unphysical solutions, for example, negative densities of suspended particles. We will
provide a simple example in section 5. Therefore, we now develop a new approxima-
tion, which is based on a hierarchy of moment equations. The number of moment
equations might in the future be adapted based on accuracy requirements.

This paper is organized as follows. In section 2, we review the underlying math-
ematical model, which consists of a kinetic Smoluchowski equation (describing the
density distribution of rod-like particles) that is coupled to a macroscopic flow equa-
tion. In this paper we restrict our considerations to a lower dimensional simplification
of the model which is introduced in section 2. In section 3, we describe a direct nu-
merical method for our model problem, which couples a Navier–Stokes solver for the
flow equation with a spectral method for the Smoluchowski equation. This method
will serve as a reference for theoretical comparisons with approaches introduced in
the remaining part of the paper. In section 4, we derive a hierarchy of moment equa-
tions. These moment equations allow us to approximate the high dimensional scalar
Smoluchowski equation with a lower dimensional system of partial differential equa-
tions. We show that the system of moment equations with a simple moment closure is
hyperbolic. A discretization of the moment system is introduced in section 5 and com-
pared with the numerical method introduced in section 3. Numerical computations
will illustrate our findings throughout the paper. A Jupyter Notebook with Python
programs which illustrate our proofs of hyperbolicity is provided as supplementary
material (supplement 01.zip [local/web 16KB, supplement 02.pdf local/web 204KB]).

2. The mathematical model. In this section, we briefly introduce the math-
ematical model for the description of the sedimentation process in suspensions of
rod-like particles; see [5] for a derivation and [1, 7, 8, 9] for related models of complex
fluids. We consider inflexible rod-like particles with a constant width b and length l
and assume b � l. Furthermore, we assume that the suspension is dilute, which is
characterized by ν � l−3, where ν is the number density of the rod-like particles. The
number density is not constant in space and time, which allows clusters of particles
to form. The orientation of rod-like particles is in general characterized by a director
n ∈ S2, where S2 is the unit sphere embedded in R3. The acceleration of gravity acts
in the direction e3, where e3 is the unit vector in the upward direction.

Let d denote the spatial dimension. f = f(t,x,n) describes the distribution
function of rod-like particles as a function of time t, space x ∈ Rd, and orientation
n ∈ Sd−1. Furthermore, u = u(t,x) describes the velocity and p = p(t,x) the
pressure of the solvent. After nondimensionalisation the model takes the form

∂tf +∇x · (uf) +∇n · (Pn⊥∇xunf)−∇x · ((I + n⊗ n) e3f)

= Dr∆nf + γ∇x · (I + n⊗ n)∇xf,

σ =

∫
Sd−1

(dn⊗ n− I) f dn,

Re (∂tu + (u · ∇x)u) = ∆xu−∇xp+ δγ∇x · σ − δ
∫
Sd−1

f dne3,

∇x · u = 0 .

(2.1)
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1004 SINA DAHM AND CHRISTIANE HELZEL

We will briefly describe the meaning of the different terms: The second and fourth
terms in the first equation describe the transport of the centers of mass of the par-
ticles due to the macroscopic velocity u and to gravity, respectively. The third term
describes the rotation of the axis of the particles due to a macroscopic velocity gradi-
ent ∇xu. Here Pn⊥∇xun is the orthogonal projection of the vector ∇xun onto the
tangent space in n. The terms on the right-hand side of the first equation describe
rotational as well as translational diffusion of the particles. The macroscopic flow is
described by a Navier–Stokes equation with an additional elastic stress tensor σ and
a buoyancy term. The form of σ is justified by the requirement of thermodynamic
consistency.

In (2.1) we use four nondimensional parameters: Re, a Reynolds number based on
the sedimentation velocity, Dr, the rotational diffusion coefficient, δ, which measures
the relative importance of buoyancy versus viscous stresses, and γ, which measures
the relative importance of elastic forces over buoyancy forces. Throughout this paper
we restrict our attention to the case γ = 0. In this case, the effects of translational
Brownian motion of the rod-like particles are ignored, and as a consequence the effect
of elastic forces in the flow equation is negligible compared to the buoyancy forces.

2.1. Simplified model for two-dimensional flow. In order to simplify our
studies, we restrict our considerations to two-dimensional flow problems. We assume
that the velocity field has the form u = (u(t, x, z), 0, w(t, x, z))T , i.e., the velocity
field varies only in the plane spanned by the x-direction and the z-direction, which
is the direction of gravity. Even more importantly, we also restrict the director n
of the rod-like particles to take nonzero values only in S1, i.e., the sphere embedded
in the (x, z) plane. This simplification was also considered in [6]. We now assume
n = (cos θ, 0, sin θ)T , with the angle θ ∈ [0, 2π] measured in the (x, z) plane counter-
clockwise from the positive x-axis.

Now f = f(t, x, z, θ) describes the distribution of particles as a function of time
t, space (x, z) ∈ R2, and orientation θ ∈ [0, 2π]. In this simplified situation, the drift
term on the sphere takes the form

∇n · (Pn⊥∇xun) = ∂θ

 − sin θ
0

cos θ

 ·
 ux 0 uz

0 0 0
wx 0 wz

 cos θ
0

sin θ

 f


= ∂θ

((
(wz − ux) cos θ sin θ − uz sin2 θ + wx cos2 θ

)
f
)

and the Laplace Beltrami operator simplifies to ∆nf = ∂θθf .
For γ = 0 we obtain the two-dimensional simplified model

∂tf + ∂θ
((

(wz − ux) cos θ sin θ − uz sin2 θ + wx cos2 θ
)
f
)

+∂x((u− cos θ sin θ)f) + ∂z((w − (1 + sin2 θ))f) = Dr∂θθf,

Re (∂tu+ u∂xu+ w∂zu) + px = uxx + uzz,

Re (∂tw + u∂xw + w∂zw) + pz = wxx + wzz − δ
∫ 2π

0

fdθ,

ux + wz = 0.

(2.2)

2.2. Simplified model for shear flow. An even simpler model is obtained if
we restrict our considerations to shear flow. We now assume u = (0, 0, w(t, x))T ,
f = f(t, x, θ). For shear flow the pressure has the general form p = −κ(t)z, where
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1005

κ(t) can account for an externally imposed pressure gradient. As in [6], we use κ = δρ̄,
where ρ̄ is the averaged mass of suspended rods. This ansatz models an equilibrated
flow. For periodic boundary conditions the averaged mass is constant in time, i.e.,

ρ̄ =
1

|Ω|

∫
Ω

∫ 2π

0

f(t, x, θ)dθdx =
1

|Ω|

∫
Ω

∫ 2π

0

f(0, x, θ)dθdx.

Using γ = 0 again, we obtain the coupled system

∂tf + ∂θ
(
wx cos2 θf

)
− ∂x (sin θ cos θf) = Dr∂θθf,

Re∂tw = ∂xxw + δ

(
ρ̄−

∫ 2π

0

fdθ

)
.

(2.3)

3. A detailed numerical method for the coupled system. In this section,
we describe a direct numerical method for (2.2) or (2.3). We use an operator splitting
approach which, during each time step, separately computes the evolution of f and the
evolution of the velocity field. For the model (2.2), the evolution of the velocity field is
computed using a projection method for the two-dimensional Navier–Stokes equation,
as described in Lee [10]. The algorithm uses the high-resolution Wave Propagation
Algorithm of LeVeque [11] for the advective terms and finite difference methods for
the diffusion term as well as for the projection step. For the simpler model (2.3) the
flow equation can be solved using a Crank–Nicolson-type method.

The evolution of f can further be split into the subproblems

∂tf + ∂θ
((

(wz − ux) cos θ sin θ − uz sin2 θ + wx cos2 θ
)
f
)

= Dr∂θθf(3.1)

and

∂tf + ∂x((u− cos θ sin θ)f) + ∂z((w − (1 + sin2 θ))f) = 0,(3.2)

which need to be solved consecutively during each time step. The first subproblem
is a drift-diffusion equation on S1, which needs to be solved for all (x, z) in the
domain of interest. The second equation is a two-dimensional transport equation
which needs to be solved for all values of θ ∈ [0, 2π]. Thus, the evolution of f
is a three-dimensional problem, while the evolution of the velocity field is a two-
dimensional problem. Therefore, the efficient computation of the evolution of f is
essential.

3.1. Spectral method for the drift-diffusion equation on S1. At a given
point (x̄, z̄) we assume that the components of the velocity gradient are constant and
externally imposed. Then (3.1) can be solved using a spectral method. To derive this
method we make an ansatz of the form

f(x̄, z̄, t, θ) ≈ f0(x̄, z̄, t) +

N∑
i=1

ci(x̄, z̄, t) cos(2iθ) + si(x̄, z̄, t) sin(2iθ)(3.3)

and derive ordinary differential equations for f0, c1, s1, . . . , cN , sN . Details of this
derivation can be found in Appendix A. The equations for cN and sN contain terms
involving cN+1 and sN+1, for which no evolution equations are supplied. To close the
system we set cN+1 = sN+1 = 0. This closure is based on the assumption that higher
order modes in the representation of the solution of (3.1) decay faster than lower order
modes. We will observe this behavior in our numerical simulations shown below. The
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Fig. 1. Approximations of steady state solutions of f for externally imposed shear flow with
wx/Dr = 100 and different values of N .

resulting ODE system can now be solved using standard high-order accurate time
stepping methods.

If we restrict our considerations to shear flow, as described in subsection 2.2,
then ux = uz = wz = 0 and the ODE system simplifies. We consider numerical
simulations for externally imposed shear flow with wx = 1 and Dr = 0.01. After some
time the exact solution attains a steady state. Here we compute the steady state
numerically using different numbers of modes, i.e., different values of N . In Figure 1
we show numerical solutions of f plotted over the unit sphere. The approximation
obtained with N = 1 already shows the general trend of the alignment, but the
solution structure is not fully resolved. For N = 3 we observe negative values of
f which are unphysical. The accuracy improves with increasing N . For N = 8 the
solution structure compares well with the structure obtained using N = 50, indicating
that the solution is well resolved.

In Figure 2 we plot max{|si|, |ci|} versus i for different values of |wx|/Dr. As
expected, the magnitude of the coefficients decreases with increasing i. This justifies
the proposed closure of the ODE system, setting cN+1 = sN+1 = 0. Moreover, we
observe that in the diffusion dominated regime of small |wx|/Dr fewer modes are
needed in order to resolve the solution structure than in the drift dominated regime
of large |wx|/Dr.

3.2. The two-dimensional transport equation. For the approximation of
(3.2) we use the two-dimensional high-resolution Wave Propagation Algorithm of
LeVeque [11], a finite volume method for hyperbolic partial differential equations
on Cartesian grids. Note that the two-dimensional transport equation needs to be
solved for all θ ∈ [0, 2π). Let fni,j,k approximate the cell average of f over a grid cell
[xi− 1

2
, xi+ 1

2
] × [zj− 1

2
, zj+ 1

2
] × [θk− 1

2
, θk+ 1

2
] at time tn. For simplicity, we assume an
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Fig. 2. Modulus of coefficients ci, si versus i for the spectral representation of f in the steady
state approximation for shear flow with different values of |wx|/Dr.

equidistant grid with mesh widths ∆x, ∆z, and ∆θ. For each discretization of θ, we
update the cell averages using a method of the form

fn+1
i,j,k = fni,j,k −

∆t

∆x

(
Fi+ 1

2 ,j
− Fi− 1

2 ,j

)
− ∆t

∆z

(
Gi,j+ 1

2
−Gi,j− 1

2

)
∀i, j.

The fluxes Fi± 1
2
, Gi,j± 1

2
depend on the spatially varying velocity field (u,w) (supposed

to be constant in time during the substep) and on the discrete value of θ.

3.3. Transfer between different degrees of freedom. The methods de-
scribed in subsection 3.1 and subsection 3.2 use different degrees of freedom. While
the spectral method computes coefficients f0, ci, si, i = 1, . . . , N , of the representation
(3.3) for all grid cells of a two-dimensional spatial grid, the finite volume method is
based on cell average values fi,j,k on a three-dimensional grid in space and orienta-
tion. In order to combine the spectral method for the update of (3.1) with the finite
volume method for the update of (3.2) we need to define a transformation between
these degrees of freedom.

3.3.1. Computation of cell average values. Assume that we have applied
the spectral method in each grid cell (i, j) of the spatial mesh. This provides us with
a representation of f(xi, zj , t, θ) according to (3.3). From this representation of f we
can compute

fi,j,k(t) =
1

∆θ

∫ θ
k+1

2

θ
k− 1

2

f(xi, zj , t, θ)dθ

≈ f0(xi, zj , t) +
1

∆θ

N∑
`=1

c`(xi, zj , t)
sin(2`θ)

2`
− s`(xi, zj , t)

cos(2`θ)

2`

∣∣∣∣∣
θ
k+1

2

θ
k− 1

2

.

3.3.2. Computation of mode coefficients. Now assume that we have per-
formed a step of the finite volume method which provides us with cell average values
fni,j,k. We want to compute the coefficients of the spectral method in each grid cell of
the two-dimensional spatial mesh. This can be done by a projection of the form
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1008 SINA DAHM AND CHRISTIANE HELZEL

f0(xi, zj , t) =
1

2π

∫ 2π

0

f(xi, zj , t, θ) dθ

≈ 1

2π
∆θ
∑
k

fi,j,k,

c`(xi, zj , t) =
1

π

∫ 2π

0

cos(2`θ)f(xi, zj , t, θ) dθ

≈ 1

π
∆θ
∑
k

cos(2`θk)fi,j,k, ` = 1, . . . , N,

s`(xi, zj , t) =
1

π

∫ 2π

0

sin(2`θ)f(xi, zj , t, θ) dθ

≈ 1

π
∆θ
∑
k

sin(2`θk)fi,j,k(t), ` = 1, . . . , N.

Here the midpoint rule was used in order to approximate the integrals. Summation
is done over all grid cells used to discretize the interval [0, 2π].

In the next section, we will introduce an approach which will allow us to formulate
a method on the two-dimensional spatial grid only. The method doesn’t require
transformations between different degrees of freedom, which further simplifies the
approach.

4. Hierarchy of moment equations. In this section, we derive hierarchies of
moment equations for our model problems (2.2) and (2.3). We present details of the
derivation for the shear flow problem before we provide the moment equations for the
two-dimensional flow problem.

We define the quantities

ρ(x, t) :=

∫ 2π

0

f(x, t, θ) dθ,

C`(x, t) :=
1

2

∫ 2π

0

cos(2`θ)f(x, t, θ) dθ, ` = 1, 2, . . . ,

S`(x, t) :=
1

2

∫ 2π

0

sin(2`θ)f(x, t, θ) dθ, ` = 1, 2, . . . .

4.1. Moment equations for shear flow. For the shear flow problem (2.3) we
obtain

∂tρ(x, t) =

∫ 2π

0

∂tf(x, t, θ) dθ

=

∫ 2π

0

−∂θ
(
wxcos

2θf
)

+ ∂x (sin θ cos θf) +Dr∂θθf dθ

=

∫ 2π

0

1

2
sin(2θ)∂xf(x, t, θ) dθ

= ∂xS1(x, t).

Due to the periodicity of the solution, the first and third terms on the right-hand side
of the second line vanish.
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1009

Furthermore, we obtain

∂tC`(x, t) =
1

2

∫ 2π

0

cos(2`θ)∂tf(x, t, θ) dθ

=
1

2

∫ 2π

0

cos(2`θ)
(
−∂θ

(
wx cos2 θf

)
+ ∂x (sin θ cos θf) +Dr∂θθf

)
dθ.

We now separately consider the different terms on the right-hand side.
1st term:

− 1

2

∫ 2π

0

cos(2`θ)∂θ
(
wx cos2 θf

) part. int.
= −wx`

∫ 2π

0

sin(2`θ) cos2 θf dθ

= −wx`
∫ 2π

0

sin(2`θ)
1

2
(1 + cos(2θ)) f dθ

= −wx`
1

2

∫ 2π

0

sin(2`θ)f dθ − wx
`

2

∫ 2π

0

1

2
(sin(2(`+ 1)θ) + sin(2(`− 1)θ)) f dθ

= −wx`S` − wx
`

2
(S`+1 + S`−1) .

2nd term:

1

4

∫ 2π

0

cos(2`θ) sin(2θ)∂xf dθ =
1

4

∫ 2π

0

1

2
(sin(2(`+ 1)θ)− sin(2(`− 1)θ)) ∂xf dθ

=
1

4
∂x (S`+1 − S`−1) .

3rd term:

1

2
Dr

∫ 2π

0

cos(2`θ)∂θθf dθ
part. int.

= −1

2
Dr

∫ 2π

0

4`2 cos(2`θ)f dθ = −4`2DrC`.

Putting the three terms together, we obtain

∂tC`(x, t) = − `
2
wx (S`−1(x, t) + 2S`(x, t) + S`+1(x, t))

+
1

4
∂x (S`+1(x, t)− S`−1(x, t))− 4`2DrC`

and, analogously,

∂tS`(x, t) =
1

2

∫ 2π

0

sin(2`θ)∂tf(x, t, θ) dθ

=
`

2
wx (C`−1(x, t) + 2C`(x, t) + C`+1(x, t))

− 1

4
∂x (C`+1(x, t)− C`−1(x, t))− 4`2DrS`(x, t).

The formulas can also be used for ` = 1 using S0(x, t) = 1
2

∫ 2π

0
sin(0)f(x, t, θ) dθ = 0

and C0 = 1
2

∫ 2π

0
cos(0)f(x, t, θ) dθ = 1

2ρ(x, t). Thus, we obtain the following infinite
system of moment equations:

∂tρ = ∂xS1,

∂tC` =
1

4
∂x (S`+1 − S`−1)− `

2
wx (S`−1 + 2S` + S`+1)− 4`2DrC`, ` = 1, 2, . . . ,

∂tS` =
1

4
∂x (C`−1 − C`+1) +

`

2
wx (C`−1 + 2C` + C`+1)− 4`2DrS`, ` = 1, 2, . . . .

(4.1)
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1010 SINA DAHM AND CHRISTIANE HELZEL

In practical computations we need to consider a fixed number of moment equations,
i.e., we use ` = 1, . . . , N in the last two equations of (4.1). Note that the equation
for CN contains a term with SN+1 and the equation for SN contains CN+1. In order
to close the system we need a moment closure. As in section 3.1, we choose to set
CN+1 = SN+1 = 0 and obtain the system of moment equations

∂tρ = ∂xS1,

∂tC1 =
1

4
∂xS2 −

1

2
wx (2S1 + S2)− 4DrC1,

∂tS1 =
1

8
∂xρ−

1

4
∂xC2 +

1

2
wx

(
2C1 +

1

2
ρ+ C2

)
− 4DrS1,

∂tC` =
1

4
∂x (S`+1 − S`−1)− `

2
wx (S`−1 + 2S` + S`+1)− 4`2DrC`, ` = 2, . . . , N − 1,

∂tS` =
1

4
∂x (C`−1 − C`+1) +

`

2
wx (C`−1 + 2C` + C`+1)− 4`2DrS`, ` = 2, . . . , N − 1,

∂tCN = −1

4
∂xSN−1 −

N

2
wx (SN−1 + 2SN )− 4N2DrCN ,

∂tSN =
1

4
∂xCN−1 +

N

2
wx (CN−1 + 2CN )− 4N2DrSN

(4.2)

together with the flow equation

Re∂tw(x, t) = ∂xxw(x, t) + δ (ρ̄− ρ(x, t)) .(4.3)

Note that the same moment closure was also used in [5], but there only the first
three equations of the hierarchy of moment equations were considered. In [6], a
generalization of this moment closure, for moment equations derived for the more
general problem with f on S2, was used, which is based on a projection.

4.2. Hyperbolic structure of the one-dimensional system of moment
equations for shear flow. The system of moment equations (4.2) can be written
in the form

∂tQ(x, t) +A∂xQ(x, t) = φ(Q(x, t)),(4.4)

where Q(x, t) = (ρ, C1, S1, . . . , CN , SN )T represents the vector of moments.
The coefficient matrix A ∈ R(2N+1)×(2N+1) has the components

a1,3 := −1,

a3,1 := −1

8
, a2(N−j)−2,2(N−j)−2 . . . a2(N−j)−2,2(N−j)+1

...
...

a2(N−j)+1,2(N−j)−2 . . . a2(N−j)+1,2(N−j)+1

 :=


0 0 0 − 1

4
0 0 1

4 0
0 1

4 0 0
− 1

4 0 0 0

 ,

j = 0, . . . , N − 2,

and zeros in all other components.

(4.5)

Now we want to show that the system of moment equations is hyperbolic, i.e., that
the matrix A has only real eigenvalues and a complete set of eigenvectors. The matrix
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1011

A can be expressed as the sum of a symmetric matrix and a rank two matrix. There
is a connection between eigenvalues of the symmetric part of the (4N + 3)× (4N + 3)
matrix and eigenvalues of the original (2N+1)×(2N+1) matrix, which is used in our
proof of hyperbolicity. We first illustrate the approach for N = 1 before we present
the general result.

Example 4.1. For N = 1, the coefficient matrix A ∈ R3×3 has the form

A =

 0 0 −1
0 0 0
− 1

8 0 0

 .

The eigenvalues and eigenvectors are given by

λ1 = −
√

2

4
, λ2 = 0, λ3 =

√
2

4

and

r1 =

 2
√

2
0
1

 , r2 =

 0
1
0

 , r3 =

 −2
√

2
0
1

 ,

which shows the hyperbolicity of system (4.4) for N = 1.
Alternatively, we can show the hyperbolicity by considering the 7× 7 matrix

Ā :=

 0 0

0
A 0
0 A

 =



0 0 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 0 0
0 − 1

8 0 0 0 0 0
0 0 0 0 0 0 −1
0 0 0 0 0 0 0
0 0 0 0 − 1

8 0 0


,

which has the same eigenvalues as A but counted twice and an additional eigenvalue
0. A similarity transformation of the form SĀS−1, with

S =



1 0 0 0 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 1 −1
0 0 0 0 1

2 0 0
0 − 1

2 0 0 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 1 1


, S−1 =



1 0 0 0 0 0 0
0 0 0 0 −2 0 0
0 1

2 0 0 0 1
2 0

0 − 1
2 0 0 0 1

2 0
0 0 0 2 0 0 0
0 0 1

2 0 0 0 1
2

0 0 − 1
2 0 0 0 1

2


,

leads to the symmetric matrix

Ã = SĀS−1 =



0 0 0 0 0 0 0
0 0 0 0 − 1

4 0 0
0 0 0 1

4 0 0 0
0 0 1

4 0 0 0 − 1
4

0 − 1
4 0 0 0 1

4 0
0 0 0 0 1

4 0 0
0 0 0 − 1

4 0 0 0


.
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1012 SINA DAHM AND CHRISTIANE HELZEL

Thus, all eigenvalues of Ā and consequently all eigenvalues of A are real. Furthermore,
the matrix Ā has a complete set of eigenvectors. Using the special structure of Ā it
follows that A has a complete set of right eigenvectors. This approach can be extended
to general N .

We now want to discuss the hyperbolicity of (4.4) for general N . In order to do
this we define two auxiliary matrices Ā, Ã ∈ R(4N+3)×(4N+3):

Ā :=

 0 0

0
A 0
0 A

 , with A ∈ R(2N+1)×(2N+1) defined in (4.5).(4.6)

The components of Ã are computed according to

 ã2(2N−j),2(2N−j) . . . ã2(2N−j),2(2N−j)+3

...
...

ã2(2N−j)+3,2(2N−j) . . . ã2(2N−j)+3,2(2N−j)+3

 :=


0 0 0 − 1

4
0 0 1

4 0
0 1

4 0 0
− 1

4 0 0 0

 ,

j = 0, . . . , 2N − 1,

all other components are equal to zero.

(4.7)

Lemma 4.1. Let pA(λ) be the characteristic polynomial of the coefficient matrix
A ∈ R(2N+1)×(2N+1) defined in (4.5). Then the characteristic polynomial of Ā ∈
R(4N+3)×(4N+3) defined in (4.6) has the form pĀ(λ) = λ (pA(λ))

2
.

Proof. Let Ik denote the k × k identity matrix. The characteristic polynomial of
Ā satisfies

pĀ(λ) = det(λI4N+3 − Ā) = λ det(λI2N+1 −A) det(λI2N+1 −A) = λ(pA(λ))2.

Lemma 4.2. The matrices Ā, Ã ∈ R(4N+3)×(4N+3) defined in (4.6) and (4.7) are
similar.

We provide a nonsingular matrix S ∈ R(4N+3)×(4N+3), such that

Ã = SĀS−1.

Details of the proof are presented in the appendix.

Remark 4.3. Note that the matrix Ã obtained for N = k can be obtained from
the matrix A for N = 2k + 1 by setting a1,3 = a3,1 = 0.

We can of course ignore the first row and first column of Ā and Ã, but then this
relation between A and Ã would be lost.

Theorem 4.4. The one-dimensional system of moment equations (4.2) is hyper-
bolic.

Proof. By Lemma 4.2, the matrix Ā defined in (4.6) is similar to the symmetric
matrix Ã defined in (4.7). Thus, the matrix Ā is diagonalizable with real eigenvalues.

With Lemma 4.1 it follows that all eigenvalues of the coefficient matrix A are real
valued.

From the 4N + 3 linear independent eigenvectors of Ā we can extract the 2N + 1
linear independent eigenvectors of A. This follows from the structure of Ā: The unit
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1013

vector e1 ∈ R4N+3 is an eigenvector of Ā to the eigenvalue 0. Furthermore, there are
2N +1 eigenvectors which must have zeros at the first component and the last 2N +1
components. The remaining 2N + 1 eigenvectors must have zeros at the first 2N + 2
components. Thus the eigenvectors of A can be extracted from the eigenvectors of Ā
with nonzero components at the positions 2, . . . , 2N + 2.

Remark 4.5. We verified numerically that the eigenvalues of the coefficient matrix
A ∈ R(2N+1)×(2N+1) defined in (4.5) have the form

λi = sin(xi) cos(xi), i = 1, . . . , 2N + 1,

xi =


(2i−1)π
4+4N : i = 1, . . . , N2 ,

−3π+2(i−N
2 )π

N+1 : i = N
2 + 1, . . . , 3N

2 + 1,
(2i−N−1)π

4+4N : i = 3N
2 + 2, . . . , 2N + 1

for N even and

xi =


iπ

4dN2 e
: i = 1, . . . , bN2 c,

−3π+4(i−bN2 c−1)π

8dN2 e
: i = bN2 c+ 1, . . . , bN2 c+N + 1,

(i−bN2 c−1)π
4dN2 e

: i = bN2 c+N + 2, . . . , 2N + 1

for N odd.

The advection speeds a(θ) := − sin(θ) cos(θ) arising in (2.3) satisfy

a(θ) = a
(π

2
− θ
)

= −a
(π

2
+ θ
)

= −a (π − θ) .

This symmetry is reflected in the eigenvalues of the coefficient matrix A.

Lemma 4.6. If λ is an eigenvalue of A, then −λ is also an eigenvalue of A.

Proof. We show that the matrices A and −A are similar, i.e., we provide a
nonsingular matrix S, with

SAS−1 = −A.

It is easy to confirm that the similarity transformation is described by a diagonal
matrix S with diagonal entries of the form

diag(S) = (1,−1,−1, 1, 1,−1,−1, 1, 1, . . .).

4.3. Moment equations for general two-dimensional flow. For the two-
dimensional flow problem (2.2) the moment system takes the form

∂tρ = −u∂xρ+ ∂xS1 −
(
w − 3

2

)
∂zρ− ∂zC1,

∂tC` = −u∂xC` +
1

4
∂x (S`+1 − S`−1)− ∂z

(
1

4
C`−1 +

(
w − 3

2

)
C` +

1

4
C`+1

)
− `

2
(wz − ux)C`−1 − (ux + wz)C` +

`

2
(wz − ux)C`+1

− `

2
(uz + wx)S`−1 + ` (uz − wx)S` −

`

2
(uz + wx)S`+1

− 4`2DrC`, ` = 1, . . . , N,

(4.8)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

08
/1

0/
26

 to
 1

34
.9

9.
38

.4
8 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



1014 SINA DAHM AND CHRISTIANE HELZEL

∂tS` = −u∂xS` +
1

4
∂x (C`−1 − C`+1)− ∂z

(
1

4
S`−1 +

(
w − 3

2

)
S` +

1

4
S`+1

)
− `

2
(wz − ux)S`−1 − (ux + wz)S` +

`

2
(wz − ux)S`+1

+
`

2
(uz + wx)C`−1 + ` (−uz + wx)C` +

`

2
(uz + wx)C`+1

− 4`2DrS`, ` = 1, . . . , N,

with C0 = 1
2ρ, S0 = 0, and the closure CN+1 = SN+1 = 0. This system needs to be

considered together with the two-dimensional flow equation

Re (∂tu+ u∂xu+ w∂zu) + px = uxx + uzz,

Re (∂tw + u∂xw + w∂zw) + pz = wxx + wzz − δρ,
ux + wz = 0.

(4.9)

4.4. Hyperbolic structure of the two-dimensional system of moment
equations. The system (4.8) can be written in the form

∂tQ(x, z, t) +A∂xQ+B∂yQ = φ(Q),(4.10)

where again Q is the vector of moments and the matrices A,B ∈ R(2N+1)×(2N+1)

have the form

a1,3 := −1,

a3,1 := −1

8
,

aj,j := u, j = 1, . . . , 2N + 1, a2(N−j)−2,2(N−j)−2 . . . a2(N−j)−2,2(N−j)+1

...
...

a2(N−j)+1,2(N−j)−2 . . . a2(N−j)+1,2(N−j)+1

 :=


0 0 0 − 1

4
0 0 1

4 0
0 1

4 0 0
− 1

4 0 0 0

 ,

j = 0, . . . , N − 2,

all other components of A are equal to zero

(4.11)

and

b1,2 := 1, b2,1 :=
1

8
,

bj,j+2 :=
1

4
, bj+2,j :=

1

4
, j = 2, . . . , 2N − 1,

bj,j := w − 3

2
, j = 1, . . . , 2N + 1,

(4.12)

all other components of B are equal to zero.

Remark 4.7. From the derivation of the moment system one can see that the
homogeneous hyperbolic system was obtained from subproblem (3.2) and the source
term was obtained from subproblem (3.1).
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1015

Using a change of variables of the form x̂ = x− u and ŷ = y − (w− 3
2 ) and some

simple trigonometric identities, (3.2) can be written in the form

∂tf + ∂x̂

(
−1

2
sin(2θ)f

)
+ ∂ŷ

(
1

2
cos(2θ)f

)
= 0.(4.13)

For every value of θ ∈ [0, 2π] we have a linear two-dimensional advection equa-
tion with advection speeds between − 1

2 and 1
2 . Furthermore, in any direction n =

(cos(φ), sin(φ))T , φ ∈ [0, 2π], we obtain an advection equation with propagation speed

−1

2
sin(2θ) cos(φ) +

1

2
cos(2θ) sin(φ) =

1

2
sin(φ− θ),

i.e., the propagation speeds arising in any direction of the transformed two-dimensional
problem (4.13) agree with those of the one-dimensional shear flow problem.

We will now show that this structure can also be seen in the transport part of
the moment equations. This will lead us to the proof of hyperbolicity.

Remark 4.8. The matrix A − u I, with A as defined in (4.11) and I the (2N +
1) × (2N + 1) identity matrix, agrees with the coefficient matrix (4.5) of the one-
dimensional moment system.

Lemma 4.9. Let ¯̄A := A− u I and ¯̄B := B − (w− 3
2 ) I, with A and B as defined

in (4.11) and (4.12). The matrices ¯̄A and ¯̄B are similar.

Proof. We describe the form of a nonsingular matrix S ∈ R(2N+1)×(2N+1) such
that

¯̄B = S ¯̄AS−1.

It is instructive to consider the cases N ≤ 6. For N = 6, the matrix ¯̄A has the form

In order to move the entries − 1
8 and −1 to the positions they have in the matrix

¯̄B, we change the second and third rows as well as the second and third columns. The
correct sign is obtained by multiplying the first row and first column by −1. These
changes describe the similarity transformation for N = 1, i.e., ¯̄B = S1

¯̄AS−1
1 with
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1016 SINA DAHM AND CHRISTIANE HELZEL

S1 = S−1
1 =

 −1 0 0
0 0 1
0 1 0

 .

For N > 1 the 3 × 3 matrix S1 is the third order principal submatrix of the matrix
which describes the similarity transformation. For N > 1, the change of the second
and third rows and second and third columns also effects other nonzero values. After
the row and column change, all the nonzero values in the second and third rows and
second and third columns are already at the correct position.

For N = 6, the remaining nonzero values of ¯̄A are moved to the correct position
by additionally changing the rows and columns 6 and 7 as well as 10 and 11. All of
the operations discussed thus far are described by a similarity transformation of the
form S̃ ¯̄AS̃−1 with

S̃ = S̃−1 =



−1
0 1
1 0

1
1

0 1
1 0

1
1

0 1
1 0

1
1



.

We obtain

S̃ ¯̄AS̃−1 =



0 1 0 0 0 0 0 0 0 0 0 0 0
1
8 0 0 1

4 0 0 0 0 0 0 0 0 0
0 0 0 0 − 1

4 0 0 0 0 0 0 0 0
0 1

4 0 0 0 − 1
4 0 0 0 0 0 0 0

0 0 − 1
4 0 0 0 1

4 0 0 0 0 0 0
0 0 0 − 1

4 0 0 0 1
4 0 0 0 0 0

0 0 0 0 1
4 0 0 0 − 1

4 0 0 0 0
0 0 0 0 0 1

4 0 0 0 − 1
4 0 0 0

0 0 0 0 0 0 − 1
4 0 0 0 1

4 0 0
0 0 0 0 0 0 0 − 1

4 0 0 0 1
4 0

0 0 0 0 0 0 0 0 1
4 0 0 0 − 1

4
0 0 0 0 0 0 0 0 0 1

4 0 0 0
0 0 0 0 0 0 0 0 0 0 − 1

4 0 0



.

We still need some sign changes in order to obtain the matrix ¯̄B. First we multiply
the fifth row and column by −1. Those sign changes effect two elements per row
and column and we easily see that the previously performed change of the rows and
columns 6 and 7 should also include a sign change. We can continue these considera-
tions for the remaining rows and columns and find that the matrix S, which describes
the similarity transformations ¯̄B = S ¯̄AS−1, has for N = 6 the form
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1017

S = S−1 =



−1
0 1
1 0

1
−1

0 −1
−1 0

−1
1

0 1
1 0

1
−1


=:

 S1

C
C[2]

 .

For N < 6, the similarity transformation is described by the principal submatrix of
appropriate order. We also see that the pattern of S starts to repeat for N = 6. Thus,
depending on N , the matrix S may contain several diagonal blocks of the form C and
end with a principal submatrix of C, i.e., with C[2], C[4], or C[6].

Lemma 4.10. Let ¯̄A := A−u I and ¯̄B := B− (w− 3
2 ) I, with A and B as defined

in (4.11) and (4.12). For any n1, n2 ∈ R, with n2
1 + n2

2 = 1 and n1 6= 0, n2 6= 0, the
matrix

n1
¯̄A+ n2

¯̄B

is similar to the coefficient matrix of the one-dimensional problem defined in (4.5).

Proof. Let n1 = cos(θ), n2 = sin(θ), with θ ∈ (0, π2 )∪ (π2 , π)∪ (π, 3
2π)∪ ( 3

2π, 2π).
The matrix S ∈ R(2N+1)×(2N+1), which provides the similarity transformation, is
given by

s1,1 := sin(2θ),(4.14)

[
s2i,2i s2i,2i+1

s2i+1,2i s2i+1,2i+1

]
:=


(

cos(iθ) cos(2θ) sin(iθ) cos(2θ)
− sin(iθ) sin(2θ) cos(iθ) sin(2θ)

)
for i odd,(

cos(iθ) sin(2θ) sin(iθ) sin(2θ)
− sin(iθ) cos(2θ) cos(iθ) cos(2θ)

)
for i even.

All other components of S are equal to zero.
The inverse of S has the nonzero components

s−1
1,1 :=

1

sin(2θ)
,

[
s−1

2i,2i s−1
2i,2i+1

s−1
2i+1,2i s−1

2i+1,2i+1

]
:=



(
cos(iθ)
cos(2θ) − sin(iθ)

sin(2θ)
sin(iθ)
cos(2θ)

cos(iθ)
sin(2θ)

)
for i odd,(

cos(iθ)
sin(2θ) − sin(iθ)

cos(2θ)
sin(iθ)
sin(2θ)

cos(iθ)
cos(2θ)

)
for i even.

(4.15)

Details of the proof are presented in the appendix.
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1018 SINA DAHM AND CHRISTIANE HELZEL

Theorem 4.11. The two-dimensional system of moment equations (4.8) is hy-
perbolic.

Proof. We want to show that each matrix of the form

n1A+ n2B

with n1, n2 ∈ R, n2
1 +n2

2 = 1 and A and B as defined in (4.11), (4.12) is diagonalizable
with real eigenvalues.

n1A+ n2B = n1

(
¯̄A+ u I

)
+ n2

(
¯̄B +

(
w − 3

2

)
I

)
= n1

¯̄A+ n2
¯̄B +

(
n1u+ n2w −

3

2
n2

)
I.

For n1 and n2 both not equal to zero, the matrix n1
¯̄A+n2

¯̄B is with Lemma 4.10 similar
to the coefficient matrix of the one-dimensional problem. The situations n2 = 0 and
n1 = 0 have been addressed separately in Lemma 4.6 and Lemma 4.9. Since the one-
dimensional problem is hyperbolic (see Theorem 4.4), n1

¯̄A + n2
¯̄B is diagonalizable

with real eigenvalues.
The eigenvalues of n1A+ n2B have the form

λ+

(
n1u+ n2w −

3

2
n2

)
,

with λ an eigenvalue of the one-dimensional coefficient matrix (4.5). The eigenvectors
do not change by adding a multiple of the identity matrix.

5. Numerical discretisation of the moment system. We now consider nu-
merical methods for the coupled systems (4.2), (4.3) as well as (4.8), (4.9), respectively.
As in the numerical method for the detailed system, a splitting method is used to split
the macroscopic flow equation from the discretization of the moment equations.

The standard approach to approximate systems of the form (4.10) (or analogously
the simpler one-dimensional system (4.4)) is to use an operator splitting approach,
which separately solves the homogeneous hyperbolic system

∂tQ+AQx +BQy = 0(5.1)

and the system of ordinary differential equations

∂tQ = φ(Q).(5.2)

We use LeVeque’s Wave Propagation Algorithm (see, for example, [11]) to solve the hy-
perbolic system with a multidimensional high-resolution finite volume method. Strang
splitting is used to incorporate the source term.

5.1. Comparison with the detailed numerical method. By comparison of
the spectral method from subsection 3.1 with the source term in (4.10) we obtain the
following result.

Proposition 5.1. The evolution (5.2) described by the source term in (4.10) is
equivalent to the spectral method for subproblem (3.1) described in subsection 3.1 and
Appendix A.
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1019

We now want to investigate how well the homogeneous conservation law (5.1)
approximates subproblem (3.2). While subproblem (3.2) is a three-dimensional partial
differential equation, which depends on the macroscopic spatial variables (x, z) as
well as on the orientation θ, equation (5.1) is a two-dimensional system of partial
differential equations, which only depends on the spatial variables (x, z). We start our
investigations using a simple numerical test, namely, a generalized Riemann problem
for shear flow.

Example 5.1. For an externally imposed shear flow, subproblem (3.2) has the
form

∂tf(x, t, θ) + ∂x(− cos θ sin θf) = 0.(5.3)

Our initial values for f correspond to steady state solutions of subproblem (3.1) with

ρ(x, 0) =
∫ 2π

0
f(x, 0, θ) dθ ≡ 1. For x < 0 we used wx/Dr = 100, and for x > 0

we used wx/Dr = 200. Note that for fixed values of θ the initial values of f are
piecewise constant. We numerically compute f at time t = 5 and use this solution to
compute ρ.

This solution of ρ can now be compared with solutions of the homogeneous system

∂tQ(x, t) +A∂xQ(x, t) = 0(5.4)

obtained from the system of moment equations. Here Q = (ρ, C1, S1, . . . , CN , SN )
and A has the form described in (4.5).

The initial values of Q are obtained from the steady state solution of (3.1) using
ρ = 2πf0, Ci = π

2 ci, Si = π
2 si, i = 1, . . . , N , and are piecewise constant for our test

problem.

As seen in subsection 3.1, a precise approximation of the steady state solution
structure of (3.1) requires a sufficiently large N in the spectral method of subsection
3.1. In our most detailed approximation we used N = 50. As described in subsection
3.3, we now compute cell average values of f on a grid in x and θ. We use 1000 grid
cells in x to discretize the interval [−10, 10] as well as 1000 grid cells in θ to discretize
the interval [0, 2π]. We use the finite volume method briefly outlined in subsection 3.2
to approximate the two-dimensional transport problem (5.3) on the highly resolved
(x, θ)-grid. From the discrete solution of f(x, θ, t) we compute ρ(x, t) by integration
over θ. The function ρ(x, t = 5) from this highly resolved approximation is shown as
a black solid curve in all the plots of Figure 3.

The dashed-dotted curve in Figure 3 shows the exact solution of the Riemann
problem for the homogeneous one-dimensional hyperbolic systems (5.4). The first
component of the vector Q is plotted.

We use different values of N and observe that a very good agreement with the
reference solution can be obtained if N is large enough. Finally, the dashed curve in
Figure 3 shows again results of the highly refined method for (5.3) but using the same
number of degrees of freedom to construct the initial values in f as used in (5.4).
While the dashed curve is smoother than the solution of the Riemann problem, it is
not a more accurate approximation of the reference solution than the solution of the
Riemann problem for the moment equation.

The number of modes that can be used to describe the initial data in f depends
on the number of degrees of freedom used in the spectral method to solve subproblem
(3.1). A highly resolved mesh in θ is useless if the initial values are not accurate
enough.
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1020 SINA DAHM AND CHRISTIANE HELZEL
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Fig. 3. Solution of the Riemann problem defined in Example 5.1 using a highly resolved solution
of subproblem (3.2) (dashed curve) and the moment system for different N (dashed-dotted curve).
The solid curve is a highly resolved reference solution.
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Fig. 4. Solution of a Riemann problem using a highly resolved solution of subproblem (3.2)
(dashed curve) and the moment system for different N (dashed-dotted curve). The initial values
are steady state solutions of the Smoluchowski equation with left state wx/Dr = 10 and right state
wx/Dr = 20.

This test problem shows the importance of the choice of N . Once N is large
enough, subproblem (3.2) can be well approximated using the homogeneous system
of conservation laws for the moments.

In Figure 4 we show results of an analogous test problem but with initial values
corresponding to steady state solutions of the Smoluchowski equation with smaller
values of wx/Dr. Now even a small number of moment equations produces accurate
approximations.

Moreover, it turns out that the correct solution of the Riemann problem for the
homogeneous hyperbolic system can be well approximated with the detailed method
using a coarse grid in θ. This is illustrated in Figure 5. The dashed-dotted curve
is again the exact solution of the Riemann problem for the homogeneous hyperbolic
problem. The dashed curve shows the solution of the detailed model using a finite
volume method on a relatively coarse equidistant grid in θ, namely, with 8dN2 e grid
cells for N odd. The initial values in f for the detailed method used the same number
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1021
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Fig. 5. Solution of the Riemann problem using coarse grids in θ for the solution of subproblem
(3.2) (dashed curve) and the exact solution of the Riemann problem for the homogeneous moment
system (dashed-dotted curve) for different N .
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-0.6

-0.4

-0.2

0

0.2

0.4

Fig. 6. Illustration of the relation between the solution of the Riemann problem for the homoge-
neous hyperbolic system and a coarse grid approximation of the two-dimensional transport equation
(5.3).

of ansatz functions as moments are used in the moment system. In the x-direction
we again used 1000 grid cells to discretize the interval [−10, 10].

Let us investigate the case N = 5 in some more detail, i.e., the case A ∈ R11×11.
The 11 eigenvalues of A, i.e., the wave speeds, are described in Remark 4.5. The
eigenvectors can be computed numerically. They reveal that ρ is a Riemann invariant
of 5 waves. Therefore we only see 6 jump discontinuities in the last plot of Figure 5.
Each eigenvalue of A, which is not equal to zero, is attained four times inside the
interval [0, 2π) as a function value of − sin(θ) cos(θ), i.e., the advection speed of (5.3).
In Figure 6 we plot as stars the values θ ∈ [0, 2π] where the function − sin(θ) cos(θ)
is equal to an eigenvalue; we also plot the corresponding function values. There are
45 points. Furthermore, we plot as circles the 24 grid cell centers and correspond-
ing advection speeds, which are used on the coarse grid. Every advection speed is
discretized four times. It turns out that a grid with 8dN2 e equidistant grid cells uses
every second wave speed as advection speed for the discretization of (5.3). These are
exactly the waves needed to resolve the structure in ρ.

For even values of N we didn’t find a single equidistant coarse grid for which the
approximation of the two-dimensional transport equation agrees with the solution of
the Riemann problem. Instead we found that the solution structure in ρ can exactly
be approximated by taking the average of two coarse grid approximations of the
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1022 SINA DAHM AND CHRISTIANE HELZEL

two-dimensional transport equations using N + 1 and 2(N + 1) grid cells. Thus, we
obtain the following result.

Proposition 5.2. The homogeneous hyperbolic system Qt +AQx = 0 with A as
in (4.5) provides an approximation of the transport equation (5.3).

We conjecture that the same is true for the two-dimensional flow problem, i.e.,
that the homogeneous hyperbolic system (5.1) provides an approximation of subprob-
lem (3.2).

Note that the solution of the one-dimensional Riemann problems is a crucial
building block in finite volume methods for higher dimensional problems. Thus,
the considerations of this subsection are of importance also in more complex flow
situations.

We now present numerical simulations for the coupled shear flow problem (2.3),
which are based on discretizations of the moment system (4.2) and the flow equation
(4.3).

Example 5.2. This example studies the formation of clusters for an initially well-
stirred suspension. We consider simulations of (4.2), (4.3) with initial data on the
interval [0, 100] of the form

ρ(x, 0) = 1 + 10−3η(x),

Ci(x, 0) = Si(x, 0) = 0, i = 1, . . . , N,

w(x, 0) = 0,

where η(x) takes random values between − 1
2 and 1

2 . The parameters are set to
Dr = 0.01 and δ = 1. We discretize the interval [0, 100] with 1000 grid cells, use the
same random initial perturbation of ρ in each simulation, and compute the solution
at time t = 50. A reference solution, computed using N = 50, is shown as a black
solid line.

In Figure 7, we show numerical solutions for Example 5.2 with different numbers
of moment equations. Our reference solution uses a moment system with N = 50.

We observe that the formation of clusters and the cluster width is already well
approximated by using only the first moments, i.e., by using N = 1. However, dif-
ferences can be observed in the amplitude of the numerical solutions. For N = 2 the
numerical solution compares very well with the reference solution.

0 10 20 30 40 50 60 70 80 90 100
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1.004
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Fig. 7. Approximation of the coupled problem for shear flow as described in Example 5.2. We
show the density at time t = 50 for N = 1 and N = 2 as a dashed line. The solid black line is a
reference solution computed using N = 50.
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Fig. 8. Approximation of the coupled problem for shear flow as described in Example 5.3. We
show the density at time t = 30 for different values of N as a dashed line. The black solid line is a
reference solution computed using N = 50. (Note the different y-axis.)

Example 5.3. This test problem considers initial values which are far away from
an equilibrium state. We consider (4.2), (4.3) with initial data on the interval [0, 100]
of the form

ρ(x, 0) = exp(−(x− 50)2),

Ci(x, 0) = Si(x, 0) = 0, i = 1, . . . , N,

w(x, 0) = 0

and periodic boundary conditions. The parameters are set to Dr = 0.01 and δ = 1.
We compute solutions of ρ at time t = 30 using different values of N . A reference
solution, computed using N = 50, is shown as a black solid line.

This configuration of Example 5.3 is far away from an equilibrium state, and we
will see that a certain number of moment equations are needed in order to compute
accurate approximations. In Figure 8 we show results of numerical simulations for
different values of N . In all computations the interval [0, 100] was discretized using
1000 grid cells.

For N = 1 the solution structure in ρ is quite different from the solution structure
of the reference solution. Furthermore, we observe unphysical negative values of the
density. Negative values of density are still visible for N = 2, although the overall
accuracy has improved. For N = 3 the solution structure compares well with the
reference solution.

In our final example we extend the previous test problem to the two-dimensional
case.

Example 5.4. We consider (4.8), (4.9) with the moment closure CN+1 = SN+1

= 0 and initial values as described in Example 5.3, but now constantly extended in
the z-direction. Both velocity components are initially set to zero and the parameters
are set to Dr = 0.01, δ = 1, Re = 1, and γ = 0. Periodic boundary conditions in the
x- and z-directions are imposed on a domain of size [0, 100] × [0, 100]. We compute
solutions for different numbers of moment equations, i.e., different values of N , on a
grid with 512× 512 grid cells.

After some time the solution structure does not remain constant in the z-direction.
This instability of the solution structure is seen at an earlier time for larger values of
N ; compare with Figure 9. Furthermore, unphysical, negative values of the density
are observed for N = 1 and t = 20. For larger values of N , positivity of density could
be preserved. The solution structure observed for N = 4 compares well with those
observed for N = 10.
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Fig. 9. Numerical solutions of the two-dimensional coupled problem described in Example 5.4
for N = 1 (top), N = 4 (middle), and N = 10 (bottom).

This test problem was motivated by experimental observations for the sedimen-
tation of clouds of rod-like particles as described in [14]. Clouds of particles become
unstable and break into smaller droplets of particles. In our model a column with
higher particle density becomes unstable in a two-dimensional flow.

6. Conclusions. For simplified models, which describe the sedimentation in sus-
pensions of rod-like particles, we derived a hierarchy of moment equations. While the
original system is a time-dependent partial differential equation in space and orienta-
tion, the system of moment equations depends only on space and time. We showed
that the system of moment equations is hyperbolic. Furthermore, we showed that the
system of moment equations can be interpreted as an approximation of the original
problem.

Throughout the paper we made the simplified assumption that the macroscopic
space is one- or two-dimensional and that the rod-like particles are allowed to ori-
ent only in a plane. In future work we plan to extend our results to more general
configurations.

Appendix A. A spectral method for the Smoluchowski equation on S1.
Here we present details of the derivation of the spectral method for

∂tf + ∂θ
((

(wz − ux) cos θ sin θ − uz sin2 θ + wx cos2 θ
)
f
)

= Dr∂θθf.(A.1)

At a given point (x̄, z̄) we assume that the components of the velocity gradient are
constant and externally imposed. We make an ansatz of the form
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1025

f(x̄, z̄, t, θ) ≈ f0(x̄, z̄, t) +

N∑
i=1

ci(x̄, z̄, t) cos(2iθ) + si(x̄, z̄, t) sin(2iθ).(A.2)

To simplify the notation we suppress the dependence on (x̄, z̄) in the remainder of
this subsection.

Now we compute

∂tf(t, θ) ≈ f0
′(t) +

N∑
i=1

ci
′(t) cos(2iθ) + si

′(t) sin(2iθ),

∂θf(t, θ) ≈
N∑
i=1

−2ici(t) sin(2iθ) + 2isi(t) cos(2iθ),

∂θθf(t, θ) ≈
N∑
i=1

−4i2ci(t) cos(2iθ)− 4i2si(t) sin(2iθ)

(A.3)

and insert (A.2) and (A.3) into

∂tf(t, θ) = ((ux − wz) cos 2θ + (uz + wx) sin 2θ) f(t, θ)

+
1

2
((uz − wx)− (uz + wx) cos 2θ + (ux − wz) sin 2θ) ∂θf

+Dr∂θθf,

which is an equivalent representation of (A.1).
Using product-to-sum formulas we obtain

f0
′(t) +

N∑
i=1

ci
′(t) cos(2iθ) + si

′(t) sin(2iθ)

= (ux − wz) cos 2θf0(t) + (uz + wx) sin 2θf0(t)

+
1

2
(ux − wz)

N∑
i=1

ci(t) (cos(2(i− 1)θ) + cos(2(i+ 1)θ))

+
1

2
(ux − wz)

N∑
i=1

si(t) (sin(2(i+ 1)θ) + sin(2(i− 1)θ))

+
1

2
(uz + wx)

N∑
i=1

ci(t) (sin(2(i+ 1)θ)− sin(2(i− 1)θ))

+
1

2
(uz + wx)

N∑
i=1

si(t) (cos(2(i− 1)θ)− cos(2(i+ 1)θ))

+ (uz − wx)

N∑
i=1

(−ici(t) sin(2iθ) + isi(t) cos(2iθ))

+
1

2
(uz + wx)

N∑
i=1

ici(t) (sin(2(i+ 1)θ) + sin(2(i− 1)θ))

− 1

2
(uz + wx)

N∑
i=1

isi(t) (cos(2(i− 1)θ) + cos(2(i+ 1)θ))
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1026 SINA DAHM AND CHRISTIANE HELZEL

− 1

2
(ux − wz)

N∑
i=1

ici(t) (cos(2(i− 1)θ)− cos(2(i+ 1)θ))

+
1

2
(ux − wz)

N∑
i=1

isi(t) (sin(2(i+ 1)θ)− sin(2(i− 1)θ))

− 4Dr

N∑
i=1

(
i2ci(t) cos(2iθ) + i2si(t) sin(2iθ)

)
.

Now we group terms of different orders in cos(2iθ) and sin(2iθ) and obtain a system
of ordinary differential equations of the form

1 : f0
′(t) = 0;

cos(2θ) : c1
′(t) = (ux − wz)f0(t) + (uz − wx)s1(t)− 4Drc1(t)

− 1

2
(ux − wz)c2(t)− 1

2
(uz + wx)s2(t);

sin(2θ) : s1
′(t) = (uz + wx)f0(t)− (uz − wx)c1(t)− 4Drs1(t)

+
1

2
(uz + wx)c2(t)− 1

2
(ux − wz)s2(t);

cos(2jθ) : cj
′(t) =

j

2
(ux − wz) (cj−1(t)− cj+1)− 4Drj

2cj(t)

− j

2
(uz + wx) (sj−1(t) + sj+1(t)) + j(uz − wx)sj(t), j = 2, . . . , N ;

sin(2jθ) : sj
′(t) =

j

2
(uz + wx) (cj−1(t) + cj+1(t))− j(uz − wx)cj(t)

+
j

2
(ux − wz) (sj−1(t)− sj+1(t))− 4Drj

2sj(t), j = 2, . . . , N.

Appendix B. Details of the proof of Lemma 4.2. In order to prove Lemma
4.2, we present the general form of the matrix S, which describes the similarity trans-
formation between the matrix Ā and the symmetric matrix Ã. As supplementary
material (supplement 01.zip [local/web 16KB, supplement 02.pdf local/web 204KB])
we provide a Jupyter notebook with Python code that illustrates the proof.

We first describe the case of odd N for N > 1. The blocks of S are for j =
1, . . . , N − 1 defined as

 s2N−2j,2j+1 . . . s2N−2j,2j+4

...
...

s2N−2j+3,2j+1 . . . s2N−2j+3,2j+4

 =




0 0 0 0
0 0 −1 −1
1 −1 0 0
0 0 0 0

 , j odd,


0 0 1 −1
0 0 0 0
0 0 0 0
−1 −1 0 0

 , j even,

 s2N+2j+2,2j+1 . . . s2N+2j+2,2j+4

...
...

s2N+2j+5,2j+1 . . . s2N+2j+5,2j+4

 =




1 1 0 0
0 0 0 0
0 0 0 0
0 0 −1 1

 , j odd,


0 0 0 0
−1 1 0 0
0 0 1 1
0 0 0 0

 , j even,
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 s2N−2j,2N+2j+2 . . . s2N−2j,2N+2j+5

...
...

s2N−2j+3,2N+2j+2 . . . s2N−2j+3,2N+2j+5

 =




0 0 1 1
0 0 0 0
0 0 0 0
1 −1 0 0

 , j odd,


0 0 0 0
0 0 1 −1
1 1 0 0
0 0 0 0

 , j even,

 s2N+2j+2,2N+2j+2 . . . s2N+2j+2,2N+2j+5

...
...

s2N+2j+5,2N+2j+2 . . . s2N+2j+5,2N+2j+5

 =




0 0 0 0
1 1 0 0
0 0 1 −1
0 0 0 0

 , j odd,


1 −1 0 0
0 0 0 0
0 0 0 0
0 0 1 1

 , j even.

In addition we have

s1,1 = 1,

s2N+3,2 = −1

2
,

s2N+2,2N+3 =
1

2
.

All other components of S are equal to zero. In order to illustrate the structure of S,
we show the matrix for N = 5 marking the different blocks with different colors; see
Figure 10.

We can now investigate the structure of the matrix product Z := SĀ for odd
values of N . It is easy to see that the first line and the first column of SĀ contain
only zeros. Column two and (2N + 3) of S contain only one nonzero element with
values − 1

2 and 1
2 , respectively. These entries are the only nonzero elements in rows

2N + 2 and 2N + 3 of S. When we build the matrix product SĀ, those entries of S
are multiplied by the −1 entries of Ā, leading to

z2N+2,2N+5 = −1

2
, z2N+3,4 =

1

2
.

All other rows and columns of S contain two nonzero elements with values −1 or 1.
In rows with two nonzero elements, the nonzero elements arise next to each other.
Therefore, each nonzero element of Ā, except the above discussed entries with value
−1, contribute to two nonzero entries in the product SĀ. In particular the two matrix
elements of Ā with value − 1

8 lead to the four nonzero matrix elements

z2N,2 =
1

8
, z2N+1,2N+1 =

1

8
, z2N+4,2 = −1

8
, z2N+5,2N+1 = −1

8
.

The remaining nonzero elements of Ā result from 4 × 4 blocks of the antidiagonal
matrix described in the last equation of (4.5). Each of these 4×4 blocks of the matrix
A arises twice in the matrix Ā and thus contributes to 16 nonzero elements in SĀ.
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1028 SINA DAHM AND CHRISTIANE HELZEL

S =



1

0 0 1 −1
... 0 0 0 0

0 0 0 0
... 0 0 1 −1

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 −1 −1 0 0
... 0 0 0 0 0 0

0 0 1 −1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 −1 −1 0 0
... 0 0 0 0 0 0

0 0 1 −1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 0 0
... 0 1

2 0 0

0 − 1
2 0 0

... 0 0 0 0

0 0 1 1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 −1 1 0 0
... 0 0 0 0 0 0

0 0 1 1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 −1 1 0 0
... 0 0 0 0 0 0

0 0 1 1
... 0 0 0 0

0 0 0 0
... 0 0 1 1



Fig. 10. Structure of the matrix S for N = 5.

We can use eight different 4 × 4 blocks to describe the remaining nonzero entries of
SĀ. For j = 0, . . . , bN2 c we have z4j+2,2N−4j−1 . . . z4j+2,2N−4j+2

...
...

z4j+5,2N−4j−1 . . . z4j+5,2N−4j+2

 =


1
4

1
4 0 0

0 0 0 0
0 0 0 0
0 0 − 1

4
1
4

 ,

 z4j+2,4N−4j . . . z4j+2,4N−4j+3

...
...

z4j+5,2N−4j . . . z4j+5,2N−4j+3

 =


0 0 0 0
1
4

1
4 0 0

0 0 1
4 − 1

4
0 0 0 0

 ,

 z4j+4,2N−4j−3 . . . z4j+4,2N−4j

...
...

z4j+7,2N−4j−3 . . . z4j+7,2N−4j

 =


0 0 0 0
1
4 − 1

4 0 0
0 0 − 1

4 − 1
4

0 0 0 0

 ,

 z4j+4,4N−4j−2 . . . z4j+4,2N−4j+1

...
...

z4j+7,2N−4j−1 . . . z4j+7,2N−4j+1

 =


− 1

4
1
4 0 0

0 0 0 0
0 0 0 0
0 0 − 1

4 − 1
4

 ,
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1029

 z4N−4j−2,2N−4j−3 . . . z4N−4j−2,2N−4j

...
...

z4N−4j+1,2N−4j−3 . . . z4N−4j+1,2N−4j

 =


0 0 1

4 − 1
4

0 0 0 0
0 0 0 0
− 1

4 − 1
4 0 0

 ,

 z4N−4j−2,4N−4j−2 . . . z4N−4j−2,4N−4j+1

...
...

z4N−4j+1,4N−4j−2 . . . z4N−4j+1,4N−4j+1

 =


0 0 0 0
0 0 1

4 − 1
4

1
4

1
4 0 0

0 0 0 0

 ,

 z4N−4j,2N−4j−1 . . . z4N−4j,2N−4j+2

...
...

z4N−4j+3,2N−4j−1 . . . z4N−4j+3,2N−4j+2

 =


0 0 0 0
0 0 1

4
1
4

− 1
4

1
4 0 0

0 0 0 0

 ,

 z4N−4j,4N−4j . . . z4N−4j,4N−4j+3

...
...

z4N−4j+3,4N−4j . . . z4N−4j+3,4N−4j+3

 =


0 0 − 1

4 − 1
4

0 0 0 0
0 0 0 0
− 1

4
1
4 0 0

 .

The structure of the matrix Z = SĀ for N = 5 is shown in Figure 11.

Z = SĀ =



0

1
4

1
4 0 0

... 0 0 0 0

0 0 0 0
... 1

4
1
4 0 0

0 0 0 0 0 0
... − 1

4
1
4 0 0 1

4 − 1
4

1
4 − 1

4 0 0 − 1
4

1
4

... 0 0 0 0 0 0

1
4

1
4 0 0 − 1

4 − 1
4

... 0 0 0 0 0 0

0 0 0 0 0 0
... 1

4
1
4 0 0 − 1

4 − 1
4

0 0 0 0 0 0
... − 1

4
1
4 0 0 1

4 − 1
4

1
4 − 1

4 0 0 − 1
4

1
4

... 0 0 0 0 0 0

0 1
8 0 0 − 1

4 − 1
4

... 0 0 0 0 0

0 0 0 0 0 0
... 1

8 0 0 − 1
4 − 1

4

0 0 0 0
... 0 0 − 1

2

0 0 0 1
2

... 0 0 0

0 − 1
8 0 0 1

4 − 1
4

... 0 0 0 0 0

0 0 0 0 0 0
... − 1

8 0 0 1
4 − 1

4

0 0 0 0 0 0
... 1

4
1
4 0 0 − 1

4 − 1
4

− 1
4 − 1

4 0 0 1
4

1
4

... 0 0 0 0 0 0

− 1
4

1
4 0 0 1

4 − 1
4

... 0 0 0 0 0 0

0 0 0 0 0 0
... − 1

4
1
4 0 0 1

4 − 1
4

0 0 0 0 0 0
... 1

4
1
4 0 0 − 1

4 − 1
4

− 1
4 − 1

4 0 0 1
4

1
4

... 0 0 0 0 0 0

− 1
4

1
4 0 0

... 0 0 0 0

0 0 0 0
... − 1

4
1
4 0 0



Fig. 11. Structure of the matrix Z = SĀ for N = 5.
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1030 SINA DAHM AND CHRISTIANE HELZEL

Now we need to multiply the matrix SĀ with S−1. The structure of the matrix
S−1 can easily be derived from S. For odd values of N > 1 the matrix S−1 can again
be composed of eight different types of blocks. In the following, we use the notation
s−1
i,j to denote the (i, j) component of the matrix S−1. For j = 1, . . . , N − 1 we have

 s−1
2j+1,2N−2j+2 . . . s−1

2j+1,2N−2j+5
...

...
s−1

2j+4,2N−2j+2 . . . s−1
2j+4,2N−2j+5

 =




0 0 1

2 0
0 0 − 1

2 0
0 − 1

2 0 0
0 − 1

2 0 0

 , j odd,


0 0 0 − 1

2
0 0 0 − 1

2
1
2 0 0 0
− 1

2 0 0 0

 , j even,

 s−1
2j+1,2N+2j+2 . . . s−1

2j+1,2N+2j+5
...

...
s−1

2j+4,2N+2j+2 . . . s−1
2j+4,2N+2j+5

 =




1
2 0 0 0
1
2 0 0 0
0 0 0 − 1

2
0 0 0 1

2

 , j odd,


0 − 1

2 0 0
0 1

2 0 0
0 0 1

2 0
0 0 1

2 0

 , j even,

 s−1
2N+2j+2,2N−2j . . . s−1

2N+2j+2,2N−2j+3
...

...
s−1

2N+2j+5,2N−2j . . . s−1
2N+2j+5,2N−2j+3

 =




0 0 0 1

2
0 0 0 − 1

2
1
2 0 0 0
1
2 0 0 0

 , j odd,


0 0 1

2 0
0 0 1

2 0
0 1

2 0 0
0 − 1

2 0 0

 , j even,

 s−1
2N+2j+2,2N+2j+2 . . . s−1

2N+2j+2,2N+2j+5
...

...
s−1

2N+2j+5,2N+2j+2 . . . s−1
2N+2j+5,2N+2j+5

 =




0 1

2 0 0
0 1

2 0 0
0 0 1

2 0
0 0 − 1

2 0

 , j odd,


1
2 0 0 0
− 1

2 0 0 0
0 0 0 1

2
0 0 0 1

2

 , j even.

Furthermore, we have

s−1
1,1 = 1,

s−1
3,2N+3 = −2,

s−1
2N+3,2N+2 = 2.

All other components of S−1 are equal to zero. The structure of the matrix S−1, for
N = 5, is illustrated in Figure 12.

We want to show that the matrix-matrix product ZS−1 is equal to the symmetric
matrix Ã described in (4.7). The matrix Z = SĀ is mainly characterized by pairs of
± 1

4 which arise next to each other, and the structure of S−1 is mainly characterized
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1031

S−1 =



1
... 0 0 0 0 0 0

... 0 0 0 −2 0 0

... 0 0 1
2 0 0 0 1

2 0 0 0

... 0 0 − 1
2 0 0 0 1

2 0 0 0

... 0 0 0 − 1
2 0 0 0 0 0 − 1

2 0 0

... 0 0 0 − 1
2 0 0 0 0 0 1

2 0 0

... 0 0 1
2 0 0 0 0 0 1

2 0 0 0

... 0 0 − 1
2 0 0 0 0 0 1

2 0 0 0

0 0 0 − 1
2 0 0

... 0 0 0 − 1
2 0 0

0 0 0 − 1
2 0 0

... 0 0 0 1
2 0 0

... 1
2 0 0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0 1

2 0

... − 1
2 0 0 0 0 0 0 0 0 0 0 0 1

2 0

... 0 0 2 0 0 0

... 0 0 0 1
2 0 0 0 1

2 0 0

... 0 0 0 − 1
2 0 0 0 1

2 0 0

... 0 0 1
2 0 0 0 0 0 1

2 0 0 0

... 0 0 1
2 0 0 0 0 0 − 1

2 0 0 0

... 0 0 0 1
2 0 0 0 0 0 1

2 0 0

... 0 0 0 − 1
2 0 0 0 0 0 1

2 0 0

... 0 0 1
2 0 0 0 0 0 1

2 0 0 0

... 0 0 1
2 0 0 0 0 0 − 1

2 0 0 0

... 0 1
2 0 0 0 0 0 1

2

... 0 − 1
2 0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0 0 1

2



Fig. 12. Structure of the matrix S−1 for N = 5.

by pairs of ± 1
2 appearing below each other. This results in values ± 1

4 or 0 when we
multiply a single row of Z with a single column of S−1. The four special entries of Z
with values ± 1

8 only lead to a nonzero contribution in the product ZS−1 when they
are multiplied with the columns 2N + 2 and 2N + 3 of S−1, which contain the special
nonzero entries ±2. Again we obtain values ± 1

4 . Thus, the only nonzero entries of
ZS−1 have values ± 1

4 .
Let us now consider the product of Z with the last four columns of S−1.
Contribution from column 4N + 3: We only need to consider the product

with rows 4 and 4N of Z and obtain

(ZS−1)4,4N+3 =
1

4

1

2
− 1

4

1

2
= 0,

(ZS−1)4N,4N+3 = −1

4

1

2
− 1

4

1

2
= −1

4
.

Contribution from column 4N + 2: Now we only need to consider the product
with rows 5 and 4N + 1 of Z and obtain
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1032 SINA DAHM AND CHRISTIANE HELZEL

(ZS−1)5,4N+2 = −1

4

1

2
+

1

4

1

2
= 0,

(ZS−1)4N+1,4N+2 =
1

4

1

2
+

1

4

1

2
=

1

4
.

Contribution from column 4N + 1: Now we consider the product with rows 2, 6,
4N + 2, 4N − 2 and obtain

(ZS−1)2,4N+1 =
1

4

(
−1

2

)
+

1

4

1

2
= 0,

(ZS−1)6,4N+1 = −1

4

(
−1

2

)
− 1

4

1

2
= 0,

(ZS−1)4N−2,4N+1 =
1

4

(
−1

2

)
− 1

4

1

2
= −1

4
,

(ZS−1)4N+2,4N+1 = −1

4

(
−1

2

)
+

1

4

1

2
=

1

4
.

Contribution from column 4N : We consider the product with the rows 3, 7,
4N − 1, 4N + 3 and obtain

(ZS−1)3,4N =
1

4

1

2
+

1

4

(
−1

2

)
= 0,

(ZS−1)7,4N = −1

4

1

2
− 1

4

(
−1

2

)
= 0,

(ZS−1)4N−1,4N =
1

4

1

2
− 1

4

(
−1

2

)
=

1

4
,

(ZS−1)4N+3,4N = −1

4

1

2
+

1

4

(
−1

2

)
= −1

4
.

Thus, multiplication of Z with the last four columns of S−1 produces the symmetric
4× 4 block

of SĀS−1 and contributes two nonzero entries to the 4× 4 block

This pattern continues, i.e., the next two columns will contribute the missing two
nonzero entries at the positions (4N, 4N − 1) and (4N + 1, 4N − 2) and contribute
two entries to the next 4× 4 block. Finally, the first two columns will contribute the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

08
/1

0/
26

 to
 1

34
.9

9.
38

.4
8 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1033

last two missing nonzero entries. This completes the proof for odd values of N > 1.
The case N = 1 was already considered in Example 4.1.

Similar considerations can be done if N is even. Here we only provide the general
form of the matrix S which is used to perform the similarity transformation. For
j = 1, . . . , N − 1 we have

 s2N−2j,2j+1 . . . s2N−2j,2j+4

...
...

s2N−2j+3,2j+1 . . . s2N−2j+3,2j+4

 =




0 0 0 0
0 0 −1 −1
1 −1 0 0
0 0 0 0

, j even,


0 0 1 −1
0 0 0 0
0 0 0 0
−1 −1 0 0

, j odd,

(B.1)

 s2N+2j+2,2j+1 . . . s2N+2j+2,2j+4

...
...

s2N+2j+5,2j+1 . . . s2N+2j+5,2j+4

 =




1 1 0 0
0 0 0 0
0 0 0 0
0 0 −1 1

 , j odd,


0 0 0 0
−1 1 0 0
0 0 1 1
0 0 0 0

 , j even,

 s2N−2j,2N+2j+2 . . . s2N−2j,2N+2j+5

...
...

s2N−2j+3,2N+2j+2 . . . s2N−2j+3,2N+2j+5

 =




0 0 1 1
0 0 0 0
0 0 0 0
1 −1 0 0

 , j even,


0 0 0 0
0 0 1 −1
1 1 0 0
0 0 0 0

 , j odd,

 s2N+2j+2,2N+2j+2 . . . s2N+2j+2,2N+2j+5

...
...

s2N+2j+5,2N+2j+2 . . . s2N+2j+5,2N+2j+5

 =




0 0 0 0
1 1 0 0
0 0 1 −1
0 0 0 0

 , j even,


1 −1 0 0
0 0 0 0
0 0 0 0
0 0 1 1

 , j odd.

In addition we have

s1,1 = 1,

s2N+2,2 =
1

2
,

s2N+3,2N+3 =
1

2
.

All other components of S are equal to zero. Figure 13 shows an illustration of the
matrix S for even values of N .
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1034 SINA DAHM AND CHRISTIANE HELZEL

S =



1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 1 −1
... 0 0 0 0

0 0 0 0
... 0 0 1 −1

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 −1 −1 0 0
... 0 0 0 0 0 0

0 0 1 −1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

... 0 0
...

... 0 0

0 0
... 0 0

... 0 0
... 0 0

0 0
...

... 0 0
...

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 −1 −1 0 0
... 0 0 0 0 0 0

0 0 1 −1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 −1 −1 0 0
... 0 0 0 0 0 0

0 1
2 0 0

... 0 0 0 0

0 0 0 0
... 0 1

2 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 −1 1 0 0
... 0 0 0 0 0 0

0 0 1 1 0 0
... 0 0 0 0 0 0

0 0 0 0 0 0
... 0 0 1 1 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 −1 1 0 0
... 0 0 0 0 0 0

0 0
. . .

... 0 0
. . .

0 0
. . . 0 0

... 0 0
. . . 0 0

. . . 0 0
...

. . . 0 0

0 0 1 1 0 0
...

... 0 0 0 0 0 0

0 0 0 0 0 0
...

... 0 0 1 1 0 0

0 0 0 0 0 0
... 0 0 1 −1 0 0

0 0 −1 1 0 0
... 0 0 0 0 0 0

0 0 1 1
... 0 0 0 0

0 0 0 0
... 0 0 1 1



Fig. 13. Structure of the matrix S for N even.

Appendix C. Details of the proof of Lemma 4.10. We start with the case
N = 1, where we have

C := cos(θ)A+ sin(θ)B =

 0 sin θ − cos θ
1
8 sin θ 0 0
− 1

8 cos θ 0 0

 ,

S =

 sin(2θ) 0 0
0 cos(θ) cos(2θ) sin(θ) cos(2θ)
0 − sin(θ) sin(2θ) cos(θ) sin(2θ)

 ,

S−1 =


1

sin(2θ) 0 0

0 cos(θ)
cos(2θ) − 1

2 cos(θ)

0 sin(θ)
cos(2θ)

1
2 sin(θ)

 .

A straightforward computation confirms

SCS−1 =

 0 0 −1
0 0 0
− 1

8 0 0

 .

In the general case, the (2N + 1) × (2N + 1) matrix C = cos(θ)A + sin(θ)B has the
form
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SEDIMENTATION IN SUSPENSIONS OF ROD-LIKE PARTICLES 1035

C =



0 sin(θ) − cos(θ)
1
8 sin(θ) 0 0
− 1

8 cos(θ) 0 0 D1

D2
. . .

. . .

. . .
. . . D1

D2 0


with N − 1 blocks of the form

D1 :=

(
1
4 sin(θ) − 1

4 cos(θ)
1
4 cos(θ) 1

4 sin(θ)

)
, D2 :=

(
1
4 sin(θ) 1

4 cos(θ)
− 1

4 cos(θ) 1
4 sin(θ)

)
.

The above computation for the case N = 1 arises as a subproblem for larger values
of N . This follows from the structure of C, S, and S−1. In addition, for N > 1
the multiplication of the second and third rows of S leads to additional nonzero
components when multiplied with the fourth and fifth columns of C. We obtain

(SC)2,4 = cos(θ) cos(2θ)
1

4
sin(θ) + sin(θ) cos(2θ)

1

4
cos(θ)

=
sin(4θ)

8
,

(SC)2,5 = cos(θ) cos(2θ)

(
−1

4
cos(θ)

)
+ sin(θ) cos(2θ)

1

4
sin(θ)

= −cos2(2θ)

4
,

(SC)3,4 = − sin(θ) sin(2θ)
1

4
sin(θ) + cos(θ) sin(2θ)

1

4
cos(θ)

=
sin(4θ)

8
,

(SC)3,5 = − sin(θ) sin(2θ)

(
−1

4
cos(θ)

)
+ cos(θ) sin(2θ)

1

4
sin(θ)

=
1

8
− cos(4θ)

8
.

These nonzero entries in the second and third rows of SC lead to nonzero contributions
in SCS−1 of the form

i.e., the first three rows of SCS−1 agree with the first three rows of the coefficient
matrix A of the one-dimensional problem described in (4.5).

Now we consider the product of the rows 2i, 2i + 1, 2i + 2, and 2i + 3 of S (as
described in (4.14)) with the matrix C. Without loss of generalization we can restrict
our consideration to the case of even i. The nonzero entries of the considered rows of
S are
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Nonzero matrix elements are obtained for the product of rows 2i and 2i+ 1 of S
with columns 2i− 2, 2i− 1, 2i+ 2, and 2i+ 3 of C and for the product of rows 2i+ 2
and 2i + 3 of S with the columns 2i, 2i + 1, 2i + 4, and 2i + 5 of C. We start with
the rows 2i and 2i+ 1 of S and obtain

(SC)2i,2i−2 = cos(iθ) sin(2θ)
1

4
sin(θ)− sin(iθ) sin(2θ)

1

4
cos(θ)

= − sin((i− 1)θ) sin(2θ)

4
,

(SC)2i,2i−1 = cos(iθ) sin(2θ)
1

4
cos(θ) + sin(iθ) sin(2θ)

1

4
sin(θ)

=
cos((i− 1)θ) sin(2θ)

4
,

(SC)2i,2i+2 = cos(iθ) sin(2θ)
1

4
sin(θ) + sin(iθ) sin(2θ)

1

4
cos(θ)

=
sin((i+ 1)θ) sin(2θ)

4
,

(SC)2i,2i+3 = − cos(iθ) sin(2θ)
1

4
cos(θ) + sin(iθ) sin(2θ)

1

4
sin(θ)

= −cos((i+ 1)θ) sin(2θ)

4
,

(SC)2i+1,2i−2 = − sin(iθ) cos(2θ)
1

4
sin(θ)− cos(iθ) cos(2θ)

1

4
cos(θ)

= −cos((i− 1)θ) cos(2θ)

4
,

(SC)2i+1,2i−1 = − sin(iθ) cos(2θ)
1

4
cos(θ) + cos(iθ) cos(2θ)

1

4
sin(θ)

= − sin((i− 1)θ) cos(2θ)

4
,

(SC)2i+1,2i+2 = − sin(iθ) cos(2θ)
1

4
cos(θ) + cos(iθ) cos(2θ)

1

4
cos(θ)

=
cos((i+ 1)θ) cos(2θ)

4
,

(SC)2i+1,2i+3 = sin(iθ) cos(2θ)
1

4
cos(θ) + cos(iθ) cos(2θ)

1

4
sin(θ)

=
sin((i+ 1)θ) cos(2θ)

4
.

From the structure of S−1 (see (4.15)), we see that it is enough to consider[
(SC)2i,2i−2 (SC)2i,2i−1

(SC)2i+1,2i−2 (SC)2i+1,2i−1

] [
(S−1)2i−2,2i−2 (S−1)2i−2,2i−1

(S−1)2i−1,2i−2 (S−1)2i−1,2i−1

]
(C.1)

and [
(SC)2i,2i+2 (SC)2i,2i+3

(SC)2i+1,2i+2 (SC)2i+1,2i+3

] [
(S−1)2i+2,2i+2 (S−1)2i+2,2i+3

(S−1)2i+3,2i+2 (S−1)2i+3,2i+3

]
.(C.2)

All other entries of rows 2i and 2i+ 1 of SCS−1 are equal to zero.
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Recall that we still consider the case i even, i.e., i − 1 and i + 1 odd. For (C.1)
we then obtain

1

4

[
− sin((i− 1)θ) sin(2θ) cos((i− 1)θ) sin(2θ)
− cos((i− 1)θ) cos(2θ) − sin((i− 1)θ) cos(2θ)

][ cos((i−1)θ)
cos(2θ) − sin((i−1)θ)

sin(2θ)
sin((i−1)θ)

cos(2θ)
cos((i−1)θ)

sin(2θ)

]

=

[
0 1

4
− 1

4 0

]
,

and for (C.2) we get

1

4

[
sin((i+ 1)θ) sin(2θ) − cos((i+ 1)θ) sin(2θ)
cos((i+ 1)θ) cos(2θ) sin((i+ 1)θ) cos(2θ)

][ cos((i+1)θ)
cos(2θ) − sin((i+1)θ)

sin(2θ)
sin((i+1)θ)

cos(2θ)
cos((i+1)θ)

sin(2θ)

]

=

[
0 − 1

4
1
4 0

]
.

Now we consider the product of rows 2i+2 and 2i+3 of S with the columns 2i, 2i+1,
2i+ 4, and 2i+ 5 of C.

(SC)2i+2,2i = cos((i+ 1)θ) cos(2θ)
1

4
sin(θ)− sin((i+ 1)θ) cos(2θ)

1

4
cos(θ)

=
1

4
cos(2θ)

(
(cos(iθ) cos(θ)− sin(iθ) sin(θ)) sin(θ)

− (sin(iθ) cos(θ) + cos(iθ) sin(θ)) cos(θ)
)

=
1

4
cos(2θ)

(
− sin(iθ) sin2(θ)− sin(iθ) cos2(θ)

)
= − sin(iθ) cos(2θ)

4
,

(SC)2i+2,2i+1 = cos((i+ 1)θ) cos(2θ)
1

4
cos(θ) + sin((i+ 1)θ) cos(2θ)

1

4
sin(θ)

=
cos(iθ) cos(2θ)

4
,

(SC)2i+2,2i+4 = cos((i+ 1)θ) cos(2θ)
1

4
sin(θ) + sin((i+ 1)θ) cos(2θ)

1

4
cos(θ)

=
sin((i+ 2)θ) cos(2θ)

4
,

(SC)2i+2,2i+5 = − cos((i+ 1)θ) cos(2θ)
1

4
cos(θ) + sin((i+ 1)θ) cos(2θ)

1

4
sin(θ)

= −cos((i+ 2)θ) cos(2θ)

4
,

(SC)2i+3,2i = − sin((i+ 1)θ) sin(2θ)
1

4
sin(θ) + cos((i+ 1)θ) sin(2θ)

(
−1

4
cos(θ)

)
= −cos(iθ) sin(2θ)

4
,

(SC)2i+3,2i+1 = − sin((i+ 1)θ) sin(2θ)
1

4
cos(θ) + cos((i+ 1)θ) sin(2θ)

1

4
sin(θ)

= − sin(iθ) sin(2θ)

4
,
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(SC)2i+3,2i+4 = − sin((i+ 1)θ) sin(2θ)
1

4
sin(θ) + cos((i+ 1)θ) sin(2θ)

1

4
cos(θ)

=
cos((i+ 2)θ) sin(2θ)

4
,

(SC)2i+3,2i+5 = − sin((i+ 1)θ) sin(2θ)

(
−1

4
cos(θ)

)
+ cos((i+ 1)θ) sin(2θ)

1

4
sin(θ)

=
sin((i+ 2)θ) sin(2θ)

4
.

Finally, we multiply with the appropriate entries of S−1, i.e., we compute[
(SC)2i+2,2i (SC)2i+2,2i+1

(SC)2i+3,2i (SC)2i+3,2i+1

] [
(S−1)2i,2i (S−1)2i,2i+1

(S−1)2i+1,2i (S−1)2i+1,2i+1

]
=

1

4

[
− sin(iθ) cos(2θ) cos(iθ) cos(2θ)
− cos(iθ) sin(2θ) − sin(iθ) sin(2θ)

] [ cos(iθ)
sin(2θ) − sin(iθ)

cos(2θ)
sin(iθ)
sin(2θ)

cos(iθ)
cos(2θ)

]

=

[
0 1

4
− 1

4 0

]
and[

(SC)2i+2,2i+4 (SC)2i+2,2i+5

(SC)2i+3,2i+4 (SC)2i+3,2i+5

] [
(S−1)2i+4,2i+4 (S−1)2i+4,2i+5

(S−1)2i+5,2i+4 (S−1)2i+5,2i+5

]
=

1

4

[
sin((i+ 2)θ) cos(2θ) − cos((i+ 2)θ) cos(2θ)
cos((i+ 2)θ) sin(2θ) sin((i+ 2)θ) sin(2θ)

][ cos((i+2)θ)
sin(2θ) − sin((i+2)θ)

cos(2θ)
sin((i+2)θ)

sin(2θ)
cos((i+2)θ)

cos(2θ)

]

=

[
0 − 1

4
1
4 0

]
.

Thus, nonzero entries of SCS−1 in rows 2i, 2i+ 1, 2i+ 2, and 2i+ 3 have the form

The steps of the proof are also illustrated in the Jupyter notebook.
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