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Abstract. Given a base b ≥ 2 and an excluded digit a0 in the set {0, ..., b − 1},
an interesting number-theoretic question is, whether there are infinitely many prime
numbers having no digit equal to a0 in their digit representation in base b. Maynard
has already answered this question affirmatively in case b = 10 [2]. Obviously, ans-
wering this question for small b in the range 2 ≤ b ≤ 9 is more challenging, because
the set containing all non-negative integers having no digit equal to a0 in their digit
representation in base b, gets thinner and thinner, if b decreases.
In this article we show that there are infinitely many primes, which have no digit
equal to a0 ∈ {0, 8} in their digit representation in base 9. Further we construct upper
and lower bounds for the number of those primes less than X = 9k. To obtain these
results, only slight modifications in Maynards proof for b = 10 are necessary.
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1. Introduction
Let A ⊆ N0 be a set of non-negative integers and A(x) := {a ∈ A | a < x} for x > 0
the subset of A containing all elements less than x. In analytic number theory, many
problems can be expressed as a question about counting primes in A or A(x) or can
be transformed in questions about digit properties. Unfortunately, we expect counting
primes in sets A ⊆ N0 described by their digit properties to be difficult, because
in most cases A doesn’t have any multiplicative structure, which would give us the
opportunity to investigate the divisibility of some elements.

Interesting results in this regard were made by Mauduit, Rivat and Bourgain in
[4], who showed that there are asymptotically 50% primes with an odd sum of digits
and 50% primes with an even sum of digits in base 10, which corresponds to our
heuristic guess. Further, considering the binary digits of primes in [5], Bourgain
showed that we can always prescribe a positive proportion of the binary digits (of
numbers with k digits, k large enough). And then, regardless of which digits are
prescribed, there are still primes having the prescribed digits in their binary-expansion.

Investigating the binary digits of primes leads us to the famous Mersenne prime
conjecture which can be identified as the search for prime numbers which have no
digit equal to 0 in their binary-representation. This is just the special choice of
(b, a0) = (2, 0) in the following conjecture.

Conjecture. Let b ≥ 2 and a0 ∈ {0, ..., b− 1} are given. For X = bk and k ∈ N0 we
define the set of all non-negative integers less than X having no digit equal to a0 in
their digit-representation in base b by

A = A(X) := {
k−1∑
i=0

ni · bi < X | ni ∈ {0, ..., b− 1}\{a0} ∀ 0 ≤ i ≤ k − 1}.

Then we have #{p ∈ P | p ∈ A} � #A
logX = Xlog(b−1)/ log b

logX for sufficiently large X = bk.

First steps in counting primes in the set A (particularly for b = 10) and rela-
ted sets were made by Mauduit, Rivat and Dartyge in [6,7]. By using the fact that A
is well-distributed in arithmetic progressions, they showed that there are infinitely
many integers in A having at most two prime factors. But the set A has a further
interesting property: Its Fourier transform can be expressed in the following form

(1.1)
∑

n∈A, n<X
e(nθ) =

k∏
i=1
| e(b

iθ)− 1
e(bi−1θ)− 1 − e(a0 · bi−1θ)|
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as a product, which is unusually often small in size. There are much more previous
articles [8-14] in studying the Fourier structure of related sets. But James Maynard
was the first making the key breakthrough in estimating the Fourier transform of A by
interpreting its product form as a path in a Markov process, which makes it possible
to bound the average value of ∑

n∈A, n<X
e(nθ) via eigenvalues of certain matrices.

By this approach, Maynard yields sharp upper bounds for this average value, such
that he can bound the minor arcs to a sufficiently small size and the application
of Hardy-Littlewood’s circle method succeeds in proving the above conjecture for
the case b = 10. Maynard also proved this conjecture for sufficiently large b in [3].
Moreover, the huge gap between the lower bound S ≈ 2 · 106 for b coming from the
estimates used in [3] and the special case b = 10 in [2] were closed in the previous
article „Primes with one excluded digit ”. Hence, the above conjecture is true for all
b ≥ 10.

Conversely to this, we expect counting primes in the set A to be more difficult,
if b decreases, since then, the set under consideration gets thinner and thinner.
Further, using (1.1), the influence of the excluded digit a0 to the values of the Fourier
transform increases for small b ≤ 9. In particular in case of small b, it’s harder to
construct upper bounds for the factors

(1.2) | e(b
iθ)− 1

e(bi−1θ)− 1 − e(a0 · bi−1θ)| = |
b−1∑
n=0
n6=a0

e(n · bi−1θ)|,

which are sufficiently sharp for all excluded digits a0 ∈ {0, ..., b− 1}. Consequently,
due to (1.2), we expect the cases a0 = 0 and a0 = b−1 to be easier to handle, because
then, the factors in (1.1) are shortened geometric series. Therefore we should first
consider the cases (b, a0) equal to (9, 0) or (9, 8) in the above conjecture. This leads
us to following theorem, which we prove in the main part of this article.

Theorem 1. Let a0 ∈ {0, 8} be given. For X = 9k and k ∈ N0 we define the
set of all non-negative integers less than X having no digit equal to a0 in their
digit-representation in base 9 by

A(X) = {
k−1∑
i=0

ni · 9i < X | ni ∈ {0, ..., 8}\{a0} ∀ 0 ≤ i ≤ k − 1}.

Then we have {p ∈ P | p ∈ A(X)} � #A(X)
logX = Xlog 8/ log 9

logX for sufficiently large X.
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2. Notation

Let i denote the imaginary unit. For all x ∈ R we define

e(t) := e2πit and ‖x‖ := min{|x− z| | z ∈ Z},

such that ‖x‖ is the distance from x ∈ R to the nearest integer.

Further, if two non-negative real-valued functions f, g are given on an unbounded set
D ⊆ R, we write

1) f � g if there is a real constant c > 0 with f(x) ≤ c · g(x) for all x ∈ D,
2) f � g if g � f,

3) f � g if f � g and f � g.

Hence the statements f � g and g � f are equivalent and symbolize that there
are two constants c1, c2 > 0 with c1 · f(x) ≤ g(x) ≤ c2 · f(x) for all x ∈ D. If
the constant c in 1) f � g or the constants c1, c2 in 3) f � g depend(s) on a
parameter s, we write �s or �s. The same for several parameters. If there is no subs-
cript, the respective constants are absolute and independent of all possible parameters.

Besides, we call a constant absolute if it doesn’t depend on any parameter or variable
in the corresponding statement, in particular not on b or a0. If a dependency exists,
it is explicitly mentioned and indicated by a subscript.

If a lattice L ⊆ Rn has dimension k, we write dim L = k. Further, referring to
[x, p.y l.-z] means the z. line from below on page y in source x.
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3. Basic estimates and the circle method

We often use lemmas and propositions of [1], which are independent of the choice of
(b, a0) and which remain valid for the considered pairs (9, 0) as well as (9, 8). In these
cases we refer to the complete proof in [1]. In other cases we only have to replace an
exponent with another, for example 27/77 in [1] by 0.3219, such that the proof of
the corresponding statement is basically similar to [1]. We indicate this substitution
of exponents by ∗, for example Lemma 4.3∗ is related to Lemma 4.3 in [1] this way.
If further modifications are necessary or if we have to pay attention to parts of a
proof, we rename the corresponding statement into Lemma 1, Lemma 2 and so on.
Moreover, this paper is reduced to only these parts of a proof, which differ mainly
from [1] and for which we need some modified arguments.

Analogous to [1] let ε > 0 be a sufficient small rational number, which we choose smal-
ler and smaller in the course of our proof of Theorem 1. We define c := log 8

log 9 ≈ 0.946.
Further, Lemma 4.1 and 4.2 [1, p.16, 23] are also valid for the considered pairs (9, 0)
and (9, 8) due to the reasons mentioned above. But the application of Lemma 4.2 is
slightly different:

Similar to [1] we choose J = 4 in all cases and t = 1 at first. By calculating
the largest eigenvalue λ(1, 4) for (9, 0) and (9, 8) by a mathematica code we find

λ(1, 4) ≤ 90.3219.

Consequently, the exponent 0.3219 takes over the role of 27/77 in [1] and leads us to
a similar l1-bound as in Lemma 4.3 [1, p.31], which is Lemma 4.3∗. From now on,
we replace everywhere 27/77 and 50/77 in [1] by 0.3219 and 1 − 0.3219 = 0.6781
respectively. By this substitution of exponents we also obtain Lemma 4.5∗ and 4.6∗,
because in their proofs in [1, p.39] respectively [1, p.42], nothing fundamental changes.

For getting a similar version of Lemma 4.4 [1, p.37] we now apply Lemma 4.2
with t = 3/2 (and J = 4 again) instead of t = 235/154, which gives

λ(3
2 , 4) ≤ 90.14355

for the considered pairs (9, 0) and (9, 8) by using the same code again. This code can
be handed out on request. Thus we replace 235/154 and 59/433 in [1] by 3/2 respec-
tively 0.14355 from now on. Hence, Lemma 4.4∗ holds with the changed exponents
and represents a 3/2th-moment bound.
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By substituting our exponents in the mentioned way, we obtain Lemmas 4.3∗-4.6∗,
which give the following different version of Lemma 4.7 [1, p.49]:

Lemma 1. Let D, E, Y, Q1, Q2 are given integral powers of 9 with DE ≤ Y . Further
we choose q1 ∈ N, q1 � Q1, ggT (q1, 9) = 1 as well as d ∈ N, d � D, d|9u for an
u ∈ N0 and define

S := S(d, q1, Q2, E, Y ) :=
∑
q2�Q2

ggT (q2,b)=1

∑
a≤dq1q2

ggT (a,dq1q2)=1

∑
|η|�E

Y
Y ·( a

dq1q2
+η)∈Z

FY ( a

dq1q2
+ η).

Then we have S � (DE)0.3219 · (Q1Q
2
2)1−c +Q1Q

2
2 · E

0.3219+1/2·cD1+1/2·c

Y 1/2·c .

Proof of Lemma 1. We argue in the same way as in the proof of Lemma 4.7 in
[1], but have to pay attention at [1, p.57 f] since the estimate c = log 8

log 9 > 20/21 does
not hold. Therefore we must replace 20/21 in [1, p.57 f] by c, such that 10/21 and
1/21 have to be substituted by 1 − c and 1/2 · c respectively. Following [1, p.57 f]
we see that the exponents 5/6 and 3/2 of E5/6 as well as D3/2 are upper bounds to
make the computation easier. Obviously, they can be replaced by 10/21 + 27/77 and
1 + 10/21 respectively. Consequently, for our new form of Lemma 4.7, they have to
be substituted by 1/2c+ 0.3219 and 1 + 1/2 · c. This gives our desired bound for S.

Moreover, we obtain the following variation of Proposition 5.1 [1, p.58]:

Lemma 2. Let X ≥ 9 be an integral power of 9 and let A ≥ 2 as well as Q ≥
1, Q� X0.6781 · (logX)−2A are given. We define

A′q := {a ∈ A | q|a, ggT (a, 9) = 1} for all q ∈ N.

Then we have ∑
q<Q

ggT (q,9)=1

|#A′q−κ·#Aq | �A
#A

(logX)A by putting κ :=


ϕ(9)

8 , if ggT (a0, 9) 6= 1
ϕ(9)−1

8 , if ggT (a0, 9) = 1
.

Proof of Lemma 2. Recalling our above substitutions and arguing in an analogous
way as in [1, p.58-61], we only have to choose f(A) = 1

1−2·0.3219 ·A+ 2
1−2·0.3219 instead

of the f given in [1, p.62] to finish the proof.
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Obviously, Proposition 6.2 [1, p.66] is independent of the choice of (b, a0), because in
its proof [1, p.141] we only use Lemma 4.1, which holds for all b ≥ 4.
Further, Proposition 6.3 [1, p.66] can be established in a similar way using Lemma 3,
where we replace 23/80 by v := 0.28711 from now on.

Lemma 3. Let X = 9k (k ∈ N0) and η ∈ ]0, 1], l ∈ N, l � 1
η
as well as R ⊆ Rl are

given. We define E = E(v) := {0 ≤ a < X | FX( a
X

) ≥ 1
Xv }. Then we have

(i) #E � Xv·3/2+0.3219,

(ii)
∑
a∈E

FX( a
X

)� Xv·1/2+0.3219,

(iii) 1
X
·

∑
0≤a<X
a/∈E

|FX( a
X

)SR(−a
X

)| �η
1
Xε

.

Proof of Lemma 3. If we substitute in the above mentioned way, we obtain (i)−(iii) si-
milar to [1, p.161 f] by choosing ε > 0 such that 0.14355/2−v ·1/4 = −2.5·10−6 ≤ −2ε
and ε ≤ v hold. This then imply the corresponding estimates to X59/866

B73/308 ≤ X−2ε

[1, p.165 l.-8] and 1
X23/80 ≤ 1

Xε [1, p.165 l.-5] respectively.

In the following we deal with the same Type-II-range considering the pairs (9, 0) and
(9, 8) as we have it in [1]. As a first example, Lemma 4 contains the same Type-II-range
[9/25, 17/40] as Proposition 6.4 [1, p.67]:

Lemma 4 (exceptional Minor Arcs). Let X = 9k (k ∈ N) and δ := (log(logX))−1 are
given. Let η ∈ ]0, 1] as well as A ∈ R, A ≥ 2 are constants, which are independent of
X. Further l ∈ N, 2 ≤ l� 1

η
and a1, ..., al−1 ∈ R+ satisfy the conditions min

1≤i≤l−1
ai ≥ η

2

and S :=
l−1∑
i=1

ai < 1− η
2 as well as

l1∑
i=1

ai ∈ [ 9
25 + ε

2 ,
17
40 −

ε
2 ] for some l1 ∈ N, l1 < l.

Let the sets R as well asM(C, η) are defined as in Proposition 6.2 [1, p.66] and let
E be defined as in Lemma 3, where we choose C = C(A, η) ∈ R+ sufficiently large in
terms of A and η.

Then we have particularly C ∼ 1
η
and 1

X
· | ∑

a∈E
a/∈M

SA( a
X

)SR(−a
X

)| = Oη( #A
(logX)A ).

7



Proof of Lemma 4. Arguing similar to the proof in [1, p.67 f], we have to be care-
ful on p.73 by using Lemma 3 (ii) instead of the origin form, which then gives∑
a∈E
|SA( a

X
)| � #A ·Xv·1/2+0.14355. But this implies the same as in [1, p.73 l.-5], if we

choose a sufficiently small ε > 0 such that 1− v · 1/2− 0.14355 > ε
400 holds. Now we

can finish the proof analogously to [1, p.73 f.].

Summarizing our results so far, we also obtain Proposition 6.2-6.4 [1, p.66-67] for
the considered pairs (9, 0) as well as (9, 8). Consequently, and that’s a very import-
ant fact, Proposition 6.1 [1, p.81] holds too. This is mainly because the proof of
Proposition 6.1 is independent of the choice of (b, a0) and relies on Propositions 6.2-6.4.

The following chapters 7 and 8 in [1, p.138-166] establish some tools for proving
Propositions 6.2 and 6.3. These tools are Lemma 3, which is already proven for the
pairs (9, 0) and (9, 8), or they are independent of the choice of (b, a0). So we may use
them without worries for the considered pairs (9, 0) and (9, 8).
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4. Bilinear sum bound and the geometry of
numbers

The next step in proving Theorem 1 is to analyse the proof of Lemma 9.1 [1, p.168]
for establishing a bilinear sum bound. It turns out that we only need some slight
modifications of our arguments to transfer this lemma to (9, 0) and (9, 8).

Lemma 5. Let N ∈ [X9/25, X17/40], 1 ≤ M < X
N

as well as 1 ≤ Q ≤ X1/2, E = 0
or 1 ≤ E ≤ X1/2

Q
are given. If D( a

X
) = d

q
denotes a fracture which is a special

Dirichlet-approximation of a
X

[1, p.67], we define as in the proof of Proposition 6.4
[1, p.68] the set

FD(Q,E) := {0 ≤ a < X | D( a
X

) = d

q
, Q ≤ q < 2Q : | a

X
− d

q
| ∈

[0, 1
X

[ , if E = 0
[E
X
, 2E
X

[ , else
}

and moreover

F = F(Q,E) := {0 ≤ a < X | ∃ d ∈ Z, q ∈ N, ggT (d, q) = 1, Q ≤ q < 2Q :

| a
X
− d

q
| ∈

[0, 1
X

[ , if E = 0
[E
X
, 2E
X

[ , else
},

such that FD ⊆ F holds. Further let αn, βm, γa ∈ C are sequences of complex numbers
with |αn|, |βm|, |γa| � 1 for all indices. Then we have

|
∑

a∈FD∩E
a/∈M

∑
n�N
m�M

FX( a
X

) · αnβmγa · e(
−anm
X

)| � X · (logX)O(1)

(Q+ E)ε/200 .

Proof of Lemma 5. Using the same arguments as in [1, p.168] and our substitu-
tions, everything works fine until [1, p.170 l.6], where we use Lemma 3 instead of the
origin form. Since E ′ ⊆ E(v) and G(K) ⊆ (E ′)2 ⊆ E2, this then implies

∑
a∈E ′

FX( a
X

) ≤
∑
a∈E

FX( a
X

)� Xv·1/2+0.14355, hence

∑
(a1,a2)∈G(K)

FX(a1

X
)FX(a2

X
) ≤ (

∑
a∈E

FX( a
X

))2 � Xv+2·0.14355.

In case NK � X1−ε−ε/200−v−2·0.14355 we obtain the desired bound similarly to [1, p.170
l.8]. In the remaining case NK � X1−ε−ε/200−v−2·0.14355 we choose ε > 0 sufficiently
small such that 1− ε− ε/200− v − 2 · 0.14355− 17

40 ≥ ε/2 holds (note v = 0.28711),
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which gives K � Xε/2 due to N � X17/40.

Now we finish the proof analogously to [1] noting that Lemma 9.2 [1, p.184] is
independent of the choice of (b, a0), where the only slight difficulty arises in [1, p.177
l.4 f] by applying Proposition 9.3 and 9.4. But this can be handled by establis-
hing the Lemmas 6 (see below) and 7 (see p.13) of those propositions. Then, from
1� K

logX � K
′ and NK � X1−ε−ε/200−v−2·0.14355 it follows NK ′ � X1−2ε−v−2·0.14355.

Consequently, we need the last estimate instead of NK ′ � X17/40 as condition in our
new version of Proposition 9.3 / Lemma 6. Therefore all conditions in Lemma 6 and
7 are satisfied, if we recall N � X9/25. Hence we may use them at the desired place.

As already mentioned, Lemma 9.2 [1, p.184] is independent of the choice of (b, a0).
So our next step is to show Lemma 6, where in its proof most changes occur. Since
the proof contains too many technical and not interesting estimates, which are in
general very similar to the proof of Proposition 9.3 in [1, p.190], we only sketch the
main parts of it.

Lemma 6. Given are N,K ′ , δ ∈ R+ with X1−2ε−v−2·0.14355 � NK
′, δ > N

X
as well as

K
′ � 1. Consider the set B1 = B1(N,K

′
, δ) of all pairs (a1, a2) ∈ N2

0 ∩ [0, X[2 with
the following property :

(∗) There is a lattice L = La1,a2 ⊆ Z3 with dim L ≤ 2 and ‖~da1,a2‖ ≤
1
X
,

such that M = Ma1,a2 = {~n ∈ La1,a2 | |〈~n,~a〉| ≤ δ , ‖~n‖ ≤ N} contains
#M � δN2K

′ points which do not all lie on a line.

Here is ~a =

 a1/X
a2/X

1

 and ~da1,a2 is the vertical projection of ~a onto the plane

span(La1,a2) of the lattice. Further let 1 ≤ Q ≤ X1/2, E = 0 or 1 ≤ E ≤ X1/2

Q
are

given and F = F(Q,E) as well as E are defined as in Lemma 5 respectively Lemma
3. Then we have∑

a1,a2∈F∩E
(a1,a2)∈B1(N,K′ ,δ)

FX(a1

X
)FX(a2

X
)� X · (logX)7

(Q+ E)ε/100 ·NK ′
.
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Proof of Lemma 6. As in [1, p.190 f] we replace K ′ by K and substitute in the
known way. Further, we use our new forms of Lemmas and Propositions instead of the
origin forms, which then gives some other exponents in the corresponding statements.
For example, applying Lemma 4.6∗ as well as 4.7∗ and defining ∑

1 and ∑
2 as in [1,

p.194], we finally end up in

(6.1)
∑

1 �
E 0.3219

2 Q 0.3219
0 G 0.3219

1
G 0.3219

2
,

(6.2)
∑

2 �
Q 2·0.3219

0 E 0.3219
1

G 2·0.3219
1 D 2·0.3219

1 D 0.3219
0

+ Q2
0E1

X 0.6781D0D1G1
and

(6.3)
∑

1 � Q1−c
0 · (D0D1E2) 0.3219 + Q0G1(D0D1)1/2·c · E 0.3219+1/2·c

2
G2X1/2·c

respectively. Those estimates correspond with (9.3.6)-(9.3.8) in [1, p.197-198]. Similar
to [1, p.199] we then show∑

1 ·
∑

2 � Q1−2ε
0 · (E1E2)1/2−ε

by distinguishing the following cases.

1.Case: Q1−c
0 (D0D1E2)0.3219 ≥ Q0G1(D0D1)1/2·c·E 0.3219+1/2·c

2
G2X1/2·c

Analogously to [1, p.199, l.7] we obtain by using (6.3) and (6.2)
∑

1 ·
∑

2 � Q2·0.3219+1−c
0 (E1E2)0.3219 +Q3−c

0
E1E2

X0.6781

� Q1−2ε
0 · (E1E2)1/2−ε +Q3−c

0
E1E2

X0.6781 ,

if we choose ε > 0 sufficiently small such that 2 · 0.3219− c ≤ −2ε holds
(note: c = log 8

log 9 = 0.9464). For estimating the last term Q3−c
0

E1E2
X0.6781 we note v = 0.28711

and choose ε > 0 sufficiently small such that we have

(2ε+ v + 2 · 0.14355) · (2− c+ 2ε) ≤ 0.6781.

Hence we have X(2ε+v+2·0.14355)·(2−c+2ε) � X0.6781 and by using E1, E2 � X
NKQ0

,
Q0 � X

NK
as well as NK � X1−2ε−v−2·0.14355 (see [1, p.192]), we find

Q2−c+2ε
0 (E1E2)1/2+ε � Q2−c+2ε

0 · ( X

NKQ0
)1+2ε = Q1−c

0 · ( X

NK
)1+2ε � ( X

NK
)2−c+2ε

� X0.6781.

So the last term satisfy

Q3−c
0

E1E2

X0.6781 = Q1−2ε
0 · (E1E2)1/2−ε · Q

2−c+2ε
0 (E1E2)1/2+ε

X0.6781 � Q1−2ε
0 · (E1E2)1/2−ε,
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which gives our desired estimate in the first case.

2.Case: Q1−c
0 (D0D1E2)0.3219 <

Q0G1(D0D1)1/2·c·E 0.3219+1/2·c
2

G2X1/2·c

Using the same approach as for the second case in [1, p.199], we first end up in

∑
1 ·

∑
2 � Q0(E1E2)1/2 · 1

X2ε + Q3
0E1E2

X0.6781+1/2·c ,

which corresponds with [1, p.200 l.-5]. Important for deriving this estimate is that
we may bound (D0D1)1/3c−0.3219 by 1, since this factor corresponds with the dropped
factor (D0D1)1/3−27/77 in [1, p.200, l.3]. If we further argue analogously up to [1, p.201
l.3], we also find a corresponding estimate, namely

∑
1 ·

∑
2 � Xv·1/2+0.14355+ε · E 0.3219

2 Q 0.3219
0 + Q2

0E2

NK ·X1/2·c−v·1/2−0.14355−ε .

Here the different exponent at X follows by using the variant

(6.4)
∑

2 � Xv·1/2+0.14355+ε · (1 + Q0

NKD0D1
)

instead of the origin form (9.3.5) in [1, p.196 l.-3]. In Imitation to the approach in [1,
p.201 l.8-10], we wish to show

(6.5) Q2
0E2

NK ·X1/2·c−v·1/2−0.14355−ε � Q1−2ε
0 · E1/2−ε

2 (� Q1−2ε
0 · (E1E2)1/2−ε),

which is the key point in the proof. Sufficient for this is to show

(6.6) Q1+2ε
0 · E1/2+ε

2 � X1+1/2·c−3/2·v−3·0.14355−3ε,

if we use NK � X1−2ε−v−2·0.14355. Since v = 0.28711 and c = log 8
log 9 = 0.9464 we have

v · 1/2 + 0.14355 < 1
5 · (1 + 1

2 · c).

Hence, we may choose ε > 0 sufficiently small such that

(2ε+ v + 2 · 0.14355) · (1 + 2ε) ≤ 1 + 1/2 · c− 3/2 · v − 3 · 0.14355− 3ε

holds. Then, from Q0 � X
NK

, E2 � X
NKQ0

and NK � X1−2ε−v−2·0.14355 it follows

Q1+2ε
0 · E1/2+ε

2 � Q1+2ε
0 · ( X

NKQ0
)1/2+ε � Q

1/2+ε
0 · ( X

NK
)1/2+ε � ( X

NK
)1+2ε

� X(2ε+v+2·0.14355)·(1+2ε) � X1+1/2·c−3/2·v−3·0.14355−3ε,

12



which is our desired estimate (6.6). Consequently, (6.5) holds and we finally obtain∑
1 ·

∑
2 � Xv·1/2+0.14355+ε · E 0.3219

2 Q 0.3219
0 +Q1−2ε

0 · (E1E2)1/2−ε.

Putting this together with the first estimate of ∑
1 ·

∑
2, we find∑

1 ·
∑

2 � Q0(E1E2)1/2 · 1
X2ε +Q1−2ε

0 · (E1E2)1/2−ε +M
′
, where

M
′ := min{ Q3

0E1E2

X0.6781+1/2·c , X
v·1/2+0.14355+ε · E 0.3219

2 Q 0.3219
0 }

Now we show M
′ � Q1−2ε

0 · (E1E2)1/2−ε by using min{x, y} ≤ xα · yα for x, y ≥ 0
with α = 0.6781

2.6781 . Hence by choosing ε > 0 sufficiently small this gives

M
′ ≤ ( Q3

0E1E2

X0.6781+1/2·c )
α · (Xv·1/2+0.14355+ε · E 0.3219

2 Q 0.3219
0 )1−α ≤ Q0 ·

E0.2533
1 E0.4936

2
X0.0768

� Q1−2ε
0 · (E1E2)1/2−ε · Q2ε

0
X0.0768 � Q1−2ε

0 · (E1E2)1/2−ε

since Q0 � X and 3α + 0.3219α = 1. Consequently we have∑
1 ·

∑
2 � Q0(E1E2)1/2 · 1

X2ε +Q1−2ε
0 · (E1E2)1/2−ε

similar to [1, p.202 l.1], which leads us to the desired estimate in the second case
analogously to [1, p.202]. So our case destinction is completed and we can finish the
proof in the same way as in [1, p.202 f].

Further, to complete the proof of Lemma 5 on p.10, we need the following ver-
sion of Proposition 9.4 [1, p.205]:

Lemma 7. Given are N,K ′ , δ ∈ R+ with N � X9/25, δ > N
X

and K
′ � 1. Fur-

ther let E = E(v) be defined as in Lemma 3 and let 1 ≤ B � Xv as well as
E ′ = E ′(B) = {0 ≤ a < X | FX( a

X
) � 1

B
} ⊆ E are given. Consider the set

B2 = B2(N,K
′
, δ) of all pairs (a1, a2) ∈ N2

0 ∩ [0, X[2 with the property:

(∗) There is a lattice L = La1,a2 ⊆ Z3 with dim L ≤ 2 and ‖~da1,a2‖ ≤
1
X
,

such that M = Ma1,a2 = {~n ∈ La1,a2 | |〈~n,~a〉| ≤ δ , ‖~n‖ ≤ N} contains
#M � δN2K

′ points which all lie on a line L′ = L
′

a1,a2 ⊆ R3.

Here ~a and ~da1,a2 are defined as in Lemma 6. Then we have
∑

a1,a2∈E
′

(a1,a2)∈B2(N,K′ ,δ)

FX(a1

X
)FX(a2

X
)� X1−ε

NK ′
.
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Proof of Lemma 7. Replacing K ′ by K and using #E ′ � B3/2X0.14355, which follows
by Lemma 4.4∗ (ii) (substitute 235/154 by 3/2 etc. in Lemma 4.4 [1, p.37]), we obtain
the desired bound in case NK � X1−ε−2·0.14355/B analogously to [2, p.88 l.10 f].
Hence, we may assume NK � X1−ε−2·0.14355/B as well as B2 6= ∅ since otherwise
the considered sum is 0. Then, by arguing in the same way as in [1, p.205 l.-9 f] and
noting that the used Lemmas 11.1 [1, p.215] and 11.2 [1, p.225] are independent of
the choice of (b, a0), we obtain

(7.1)
∑

a1,a2∈E
′

(a1,a2)∈B2(N,K,δ)

FX(a1

X
)FX(a2

X
)�

X1+o(1)

N2K
· [#E

′5/4

B2 · X

N2K
+ #E ′3/2

B2 + #E ′3/2

B2X1/2 · (
X

N2K
)2].

Recalling 1 ≤ B � Xv, NK � X1−ε−2·0.14355/B and #E ′ � B3/2X0.14355, we find

#E ′5/4

B2 · X

N2K
� X7/8·v+3.25·0.14355+ε

N
,

#E ′3/2

B2 � Xv·1/4+3/2·0.14355,

#E ′3/2

B2X1/2 · (
X

N2K
)2 � X2.25·v+3.5·0.14355−1/2+2ε

N2

by some easy estimates. Dividing all those upper bounds on the right hand side by
N and noting N � X9/25 as well as v = 0.28711, this gives

X7/8·v+3.25·0.14355+ε

N2 ,
Xv·1/4+3/2·0.14355

N
and X2.25·v+3.5·0.14355−1/2+2ε

N3 � X−2·ε

for sufficiently small ε > 0. Putting all our estimates together, the considered sum is
� X1−ε

NK
as desired.

We recall that Lemma 10.1, which we applied to prove Lemma 6 above, Lemma 11.1
and 11.2 in [1, p.208, p.215, p.224] are independent of the choice of (b, a0). So they
also hold for our considered pairs (9, 0) as well as (9, 8).
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5. Sieve methods and the proof of Theorem 1
Working through the proof of Lemma 12.2 [1, p.242 f], there are no problems with
our substitutions, e.g. not by replacing 50/77 by 0.6781, if we use Lemma 2 instead
of the original form. This then gives Lemma 12.2∗ with changed exponents in the
same way as deriving Lemma 12.2 in [1, p.242 f]. Recalling the definitions

θ1 := 9
25 + 2ε ≈ 0.36, θ2 := 17

40 − 2ε ≈ 0.425, and θ := θ2 − θ1 ≈ 0.065

in [1, p.239], our last step is to establish a new form of Proposition 12.1 [1, p.253].
It turns out that we only need to modify a few parts of the proof of this proposition.

Lemma 8. Let X be a sufficiently large power of 9. Further let k ∈ N, k � 1
be given and let R ⊆ [ε, 1]k be a logarithmic polytop, whose definition is on [1, p.64].
Then we have∑

d≤X1−θ1

1R(d) · [S(Ad, Xθ)− κ2
#A
X
· S(Bd, Xθ)] = o( #A

logX ).

Proof of Lemma 8. Recalling our substitutions and arguing in the same way as
in [1, p.253 f], the first barrier is the inclusion D1 ⊆ D [1, p.257 l.9], which remains
valid since 1− θ1 = 1− 9

25 − 2ε < 0.6781− ε. To verify the inclusion

D
′′

1 ⊆ {d1 ∈ N | d1 < X0.6781−ε ∧ p|d1 ⇒ p ≥ Xη}

in [1, p. 259 l.2], we need θ1 = 9
25 + 2ε < 0.6781− ε, which is obvious. From now on we

argue analogously to the rest of the proof and finally obtain the desired estimates (∗)1,
(∗)2 and (∗)3. These are defined in [1, p.253 l.8] and can be derived by an application
of Lemma 12.2, where we may use this lemma since θ1, 1− θ2, 1− θ1 < 0.6781− ε
hold (compare [1, p.259 l.2, p.263 l.-3, p.268 l.-9]). So the proof is completed.

Moreover, the conclusion of Proposition 12.1 in [1, p.269] holds due to
1− θ1 = 1− 9

25 − 2ε < 0.6781− ε, which allows us to use Lemma 12.2 again.
Using Lemma 8 and Proposition 6.1 for our considered pairs, we can establish Pro-
positions 13.1-13.3 in a similar way as in [1, p.270 f]. This is mainly because their
proofs basically follow by Proposition 12.1/Lemma 8 and Proposition 6.1. Hence we
may use Propositions 13.1-13.3 and a simple conclusion [1, p.278] for considering the
pairs (9, 0) and (9, 8), too. Since the proof of Theorem 1.1 [1, p.293] essentially rely
on those three propositions, we can finish it similarly to [1].

15



6. Further pairs with small b

Finally, a last question is, whether it’s possible to confirm the above conjecture or
to prove the corresponding theorem for some other pairs (b, a0) with 2 ≤ b ≤ 9 and
a0 ∈ {0, ..., b− 1}. By using Maynard’s approach in [2] and trying to be as general as
possible, for example using a general Type-II-Range of the form [c0, d0] or replacing
27/77 by g(1) = log λ(1,J)

log b as well as 59/433 by g(s) = log λ(s,J)
log b , where s corresponds

with 235/154 and lead us to a sth-moment bound, some conditions in different parts
of the proofs must be satisfied to argue successfully. These conditions are necessary,
because without them, we couldn’t show the corresponding statements with changed
exponents g(1) and g(s). Summarizing them, the condition

g(s) < 1
5 · (1 + 1

2 · c) · (2− s) for some s ∈ [32 , 2[,

where c = log(b−1)
log b , must be satisfied. Obviously it is related to the inequality

v · 1/2 + 0.14355 < 1
5 · (1 + 1

2 · c)

on p.12 l.-6. For our considered pairs we have v = 0.28711 and c = log 8
log 9 , such that

there is only the small difference 7.53 · 10−3 between the two sides of the inequality,
which gives us the possibility to prove Theorem 1. For all other pairs (b, a0) 6= (9, 0)
and (b, a0) 6= (9, 8), the above condition can’t be fulfilled. Mainly because c = log(b−1)

log b
decreases more strongly than g(s) does, if b decreases.

Thus, a refinement of Maynard’s estimates in [2] or a completely new approach
is necessary to make progress for bases b ≤ 9.
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